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Abstract
Motivated by its potential use as a starting point for solving various cosmological constant
problems, we study F-theory compactified on the warped product Rtime×S3×Y8 where Y8 is
a Spin(7) manifold, and the S3 factor is the target space of an SU(2) Wess–Zumino–Witten
(WZW) model at level N . Reduction to M-theory exploits the abelian duality of this WZW
model to an S3/ZN orbifold. In the large N limit, the untwisted sector is captured by
11D supergravity. The local dynamics of intersecting 7-branes in the Spin(7) geometry is
controlled by a Donaldson–Witten twisted gauge theory coupled to defects. At late times, the
system is governed by a 1D quantum mechanics system with a ground state annihilated by
two real supercharges, which in four dimensions would appear as “N = 1/2 supersymmetry”
on a curved background. This leads to a cancellation of zero point energies in the 4D field
theory but a split mass spectrum for superpartners of order ∆m4D ∼
√
MIRMUV specified
by the IR and UV cutoffs of the model. This is suggestively close to the TeV scale in
some scenarios. The classical 4D geometry has an intrinsic instability which can produce
either a collapsing or expanding Universe, the latter providing a promising starting point
for a number of cosmological scenarios. The resulting 1D quantum mechanics in the time
direction also provides an appealing starting point for a more detailed study of quantum
cosmology.
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1 Introduction
One of the major obstacles in connecting string theory with the real world is the absence of
reliable examples which include explicit time dependence, especially cosmological singulari-
ties. Part of the issue is that the most well developed techniques in string compactification
all rely on supersymmetry.
A related point is that the size of the cosmological constant (thankfully) leads to a Uni-
verse much larger than the Planck scale. This is puzzling because in a non-supersymmetric
field theory the generic expectation is to have a Planck scale contribution to the vacuum
energy density. In a supersymmetric theory, the zero point energy cancels up to terms set
by the supersymmetry breaking scale, which is still very problematic. This has led many to
abandon a dynamical explanation, instead invoking anthropics (see e.g. [1, 2]).
These issues have become particularly pressing in light of reference [3] which has made
the conjectural claim that string theory may not admit pure de Sitter solutions. Strictly
speaking, we do not actually live in de Sitter space, though it would appear to be a good first
approximation of our Universe to include a dark energy sector (be it constant or dynamical)
of some sort. For earlier proposed constructions of de Sitter space in string theory, see
references [4–12], and for a discussion of various constraints on realizing de Sitter vacua
in string theory, see for example [13–34]. For additional followups to reference [3], see
references [35–101].
Whatever the outcome of this debate may be, it seems worthwhile to seek out stringy
backgrounds where the size of the Universe is stable against quantum mechanical collapse.
As noted in [102, 103], at least some of these issues can be addressed in three-dimensional
spacetimes. The key point is that in three or fewer dimensions the ground state may still
be supersymmetric, but all excitations above the vacuum can have a split mass spectrum.
Perturbations away from this scenario would then be capable of generating a small value
for the cosmological constant. Explicit three-dimensional vacua include compactification of
M-theory on a Spin(7) manifold [104–106]. This leaves intact two real supercharges, yielding
a 3D N = 1 vacuum.
Of course, this mechanism appears to be rather special to three dimensions, and though
details are sorely lacking, it has been clear for some time that F-theory is the proper frame-
work for seeking out a 4D lift [107]. One of the basic issues is that in 4D flat space, there
is no unitary theory with two real supercharges: It would be an “N = 1/2 supersymmetric”
theory which is clearly problematic. Previous attempts to circumvent this issue include up-
lifting the 3D N = 1 vacua of M-theory on a Spin(7) manifold to F-theory reduced on a
finite interval [108,109].
Our aim in this work will be to provide a phenomenologically viable way to address these
issues. The main thing we give up from the start is the requirement that any excitation above
the ground state be supersymmetric. We will, however, require that the ground state is still
annihilated by two supercharges. To get there, we shall consider spacetimes with topology
2
Rtime × S3 of the same sort which appears in Einstein’s static Universe [110]. The full F-
theory background will then be described by a warped product of the form Rtime × S3 × Y8
with Y8 a Spin(7) manifold.
1 Note that our proposal is in some sense related to earlier ones
in [108,109] because we can view an S3 as a T 2 fibration over a finite interval.
We argue that the ground state of the resulting 4D system is still annihilated by two
supercharges, but for all finite energy excitations, supersymmetry is broken. This follows
directly from an analysis of the Killing spinor equations. In particular, the ground state
remains supersymmetric because in signature (2, 2) (the analytic continuation of our space-
time), two real supercharges can be preserved. This continuation serves to define the ground
state and we shall (by extension of related terminology) refer to it as the “Bunch-Davies”
vacuum. Even so, analytic continuation tells us little about the spectrum of finite energy
excitations in signature (3, 1).
Interestingly enough, although it is by itself not a good description of the real world,
the Einstein static Universe is the starting point for various cosmological scenarios, such
as references [111–113]. A further remark is that although this involves a closed FRW
Universe, present observational constraints do not exclude this possibility. We shall leave a
more detailed phenomenological analysis for future work.
The background with 4D spacetime Rtime × S3 is amenable to an exact analysis because
an S3 is the target space of an SU(2) Wess–Zumino–Witten (WZW) model [114] at large
level [115] (for a wonderfully concise review see reference [116]).2 In the target space picture,
the size of the S3 is controlled by the number of units of Neveu–Schwarz (NS) three-form
flux threading the geometry. The 10D spacetime then takes the form of a warped product
Rtime×S3×B6, where B6 is a six-manifold which is the base of a torus-fibered eight-manifold
Y8.
Indeed, there has recently been substantial progress in the explicit construction of both
local and global Spin(7) manifolds, and there does not appear to be any a priori obstruction
to demanding the additional condition of a T 2 fibration (as required by F-theory). For
example, orbifolds / involutions of T 8 [122–125], the twisted connected sum construction
(see [126]) of [127] and local models based on non-holomorphic K3 fibrations over four-
manifolds [105] (see also [128–133]) all appear to be compatible with the existence of a torus
fibration.
But one generic feature of these constructions is the absence of a holomorphic profile for
the axio-dilaton. This means that when attempting to solve the Einstein field equations,
the dilaton equations of motion will necessarily need to be sourced by contributions other
than just 7-branes. Our proposal is that we need only allow for H-flux in the 4D directions
1Throughout this paper we adopt a maximally flexible notion of “Spin(7).” All we shall require is a
Killing spinor which would preserve two pseudo-real supercharges. In particular, we only demand that the
structure group of the tangent bundle be Spin(7).
2In fact, there is a whole branch of stringy cosmological models based on using exactly solvable WZW
models. Here, we do not demand all of the time dependence be captured by a worldsheet CFT, just a
metastable starting point. For some early work in this direction see for example references [117–121].
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WZW on fluxed S3
<latexit s ha1_base64="rbx5pw ICaqZNwM2OtG3X+pBJX 38=">AAAB/HicbZDNT gIxFIU7+If4N8rSTSOY sCIzuNAliRuXGIUhwk g6nQ40dNpJ2zFOCL6KG xca49YHcefbWGAWCp6k yZdz7829PUHCqNKO82 0V1tY3NreK26Wd3b39A /vwqKNEKjFpY8GE7AZ IEUY5aWuqGekmkqA4YM QLxpezuvdApKKC3+os IX6MhpxGFCNtrIFd9u4 8KDiMWPpIQli9uT+rD uyKU3fmgqvg5lABuVoD +6sfCpzGhGvMkFI910 m0P0FSU8zItNRPFUkQH qMh6RnkKCbKn8yPn8J T44QwEtI8ruHc/T0xQb FSWRyYzhjpkVquzcz/a r1URxf+hPIk1YTjxaI oZVALOEsChlQSrFlmAG FJza0Qj5BEWJu8SiYE d/nLq9Bp1F3D141Ks5b HUQTH4ATUgAvOQRNcg RZoAwwy8AxewZv1ZL1Y 79bHorVg5TNl8EfW5w +AppNG</latexit><latexit s ha1_base64="rbx5pw ICaqZNwM2OtG3X+pBJX 38=">AAAB/HicbZDNT gIxFIU7+If4N8rSTSOY sCIzuNAliRuXGIUhwk g6nQ40dNpJ2zFOCL6KG xca49YHcefbWGAWCp6k yZdz7829PUHCqNKO82 0V1tY3NreK26Wd3b39A /vwqKNEKjFpY8GE7AZ IEUY5aWuqGekmkqA4YM QLxpezuvdApKKC3+os IX6MhpxGFCNtrIFd9u4 8KDiMWPpIQli9uT+rD uyKU3fmgqvg5lABuVoD +6sfCpzGhGvMkFI910 m0P0FSU8zItNRPFUkQH qMh6RnkKCbKn8yPn8J T44QwEtI8ruHc/T0xQb FSWRyYzhjpkVquzcz/a r1URxf+hPIk1YTjxaI oZVALOEsChlQSrFlmAG FJza0Qj5BEWJu8SiYE d/nLq9Bp1F3D141Ks5b HUQTH4ATUgAvOQRNcg RZoAwwy8AxewZv1ZL1Y 79bHorVg5TNl8EfW5w +AppNG</latexit><latexit s ha1_base64="rbx5pw ICaqZNwM2OtG3X+pBJX 38=">AAAB/HicbZDNT gIxFIU7+If4N8rSTSOY sCIzuNAliRuXGIUhwk g6nQ40dNpJ2zFOCL6KG xca49YHcefbWGAWCp6k yZdz7829PUHCqNKO82 0V1tY3NreK26Wd3b39A /vwqKNEKjFpY8GE7AZ IEUY5aWuqGekmkqA4YM QLxpezuvdApKKC3+os IX6MhpxGFCNtrIFd9u4 8KDiMWPpIQli9uT+rD uyKU3fmgqvg5lABuVoD +6sfCpzGhGvMkFI910 m0P0FSU8zItNRPFUkQH qMh6RnkKCbKn8yPn8J T44QwEtI8ruHc/T0xQb FSWRyYzhjpkVquzcz/a r1URxf+hPIk1YTjxaI oZVALOEsChlQSrFlmAG FJza0Qj5BEWJu8SiYE d/nLq9Bp1F3D141Ks5b HUQTH4ATUgAvOQRNcg RZoAwwy8AxewZv1ZL1Y 79bHorVg5TNl8EfW5w +AppNG</latexit><latexit s ha1_base64="ck8pdC +ekZH4nUmSP+ZG7r8lE yk=">AAAB2XicbZDNS gMxFIXv1L86Vq1rN8Ei uCozbnQpuHFZwbZCO5 RM5k4bmskMyR2hDH0BF 25EfC93vo3pz0JbDwQ+ zknIvSculLQUBN9ebW d3b/+gfugfNfzjk9Nmo 2fz0gjsilzl5jnmFpX U2CVJCp8LgzyLFfbj6f 0i77+gsTLXTzQrMMr4 WMtUCk7O6oyaraAdLMW 2IVxDC9YaNb+GSS7KD DUJxa0dhEFBUcUNSaFw 7g9LiwUXUz7GgUPNM7 RRtRxzzi6dk7A0N+5oY kv394uKZ9bOstjdzDh N7Ga2MP/LBiWlt1EldV ESarH6KC0Vo5wtdmaJN ChIzRxwYaSblYkJN1y Qa8Z3HYSbG29D77odOn 4MoA7ncAFXEMIN3MED dKALAhJ4hXdv4r15H6u uat66tDP4I+/zBzjGi jg=</latexit><latexit s ha1_base64="bGZsjo p5ZFvtAFUAbQkIKdDA3 0Q=">AAAB8XicbZC9T sMwFIVvyl8pBQKMLBYt ElOVwAAjEgtjEbSpaE PlOE5r1XEi20FEUXkVF gYQ4mXYeBvcnwFajmTp 0zm27vUJUs6Udpxvq7 Syura+Ud6sbFW3d3btv WpbJZkktEUSnshOgBX lTNCWZprTTiopjgNOvW B0Ncm9RyoVS8SdzlPq x3ggWMQI1sbq2wfevYc SgSKePdEQ1W8fzup9u +Y0nKnQMrhzqMFczb79 1QsTksVUaMKxUl3XSb VfYKkZ4XRc6WWKppiM8 IB2DQocU+UX0+XH6Ng 4IYoSaY7QaOr+flHgWK k8DszNGOuhWswm5n9ZN 9PRhV8wkWaaCjIbFGU c6QRNmkAhk5RonhvARD KzKyJDLDHRpq+KKcFd /PIytE8bruEbB8pwCEd wAi6cwyVcQxNaQCCHF 3iDd+vZerU+ZnWVrHlv +/BH1ucPMaiR+w==</ latexit><latexit s ha1_base64="bGZsjo p5ZFvtAFUAbQkIKdDA3 0Q=">AAAB8XicbZC9T sMwFIVvyl8pBQKMLBYt ElOVwAAjEgtjEbSpaE PlOE5r1XEi20FEUXkVF gYQ4mXYeBvcnwFajmTp 0zm27vUJUs6Udpxvq7 Syura+Ud6sbFW3d3btv WpbJZkktEUSnshOgBX lTNCWZprTTiopjgNOvW B0Ncm9RyoVS8SdzlPq x3ggWMQI1sbq2wfevYc SgSKePdEQ1W8fzup9u +Y0nKnQMrhzqMFczb79 1QsTksVUaMKxUl3XSb VfYKkZ4XRc6WWKppiM8 IB2DQocU+UX0+XH6Ng 4IYoSaY7QaOr+flHgWK k8DszNGOuhWswm5n9ZN 9PRhV8wkWaaCjIbFGU c6QRNmkAhk5RonhvARD KzKyJDLDHRpq+KKcFd /PIytE8bruEbB8pwCEd wAi6cwyVcQxNaQCCHF 3iDd+vZerU+ZnWVrHlv +/BH1ucPMaiR+w==</ latexit><latexit s ha1_base64="QN6AUE B0k/PQV7S1UXcRZnLok zY=">AAAB/HicbZC9T sMwFIUdfkv5C3RksWiR OlUJDDBWYmEsgjYVba gcx2mtOnZkO4goKq/Cw gBCrDwIG2+D22aAliNZ +nTuvbrXJ0gYVdpxvq 2V1bX1jc3SVnl7Z3dv3 z447CiRSkzaWDAhuwF ShFFO2ppqRrqJJCgOGP GC8eW07j0QqajgtzpL iB+jIacRxUgba2BXvDs PCg4jlj6SENZu7s9qA 7vqNJyZ4DK4BVRBodbA /uqHAqcx4RozpFTPdR Lt50hqihmZlPupIgnCY zQkPYMcxUT5+ez4CTw xTggjIc3jGs7c3xM5ip XK4sB0xkiP1GJtav5X6 6U6uvBzypNUE47ni6K UQS3gNAkYUkmwZpkBhC U1t0I8QhJhbfIqmxDc xS8vQ+e04Rq+dqrNehF HCRyBY1AHLjgHTXAFW qANMMjAM3gFb9aT9WK9 Wx/z1hWrmKmAP7I+fw CABpNE</latexit><latexit s ha1_base64="rbx5pw ICaqZNwM2OtG3X+pBJX 38=">AAAB/HicbZDNT gIxFIU7+If4N8rSTSOY sCIzuNAliRuXGIUhwk g6nQ40dNpJ2zFOCL6KG xca49YHcefbWGAWCp6k yZdz7829PUHCqNKO82 0V1tY3NreK26Wd3b39A /vwqKNEKjFpY8GE7AZ IEUY5aWuqGekmkqA4YM QLxpezuvdApKKC3+os IX6MhpxGFCNtrIFd9u4 8KDiMWPpIQli9uT+rD uyKU3fmgqvg5lABuVoD +6sfCpzGhGvMkFI910 m0P0FSU8zItNRPFUkQH qMh6RnkKCbKn8yPn8J T44QwEtI8ruHc/T0xQb FSWRyYzhjpkVquzcz/a r1URxf+hPIk1YTjxaI oZVALOEsChlQSrFlmAG FJza0Qj5BEWJu8SiYE d/nLq9Bp1F3D141Ks5b HUQTH4ATUgAvOQRNcg RZoAwwy8AxewZv1ZL1Y 79bHorVg5TNl8EfW5w +AppNG</latexit><latexit s ha1_base64="rbx5pw ICaqZNwM2OtG3X+pBJX 38=">AAAB/HicbZDNT gIxFIU7+If4N8rSTSOY sCIzuNAliRuXGIUhwk g6nQ40dNpJ2zFOCL6KG xca49YHcefbWGAWCp6k yZdz7829PUHCqNKO82 0V1tY3NreK26Wd3b39A /vwqKNEKjFpY8GE7AZ IEUY5aWuqGekmkqA4YM QLxpezuvdApKKC3+os IX6MhpxGFCNtrIFd9u4 8KDiMWPpIQli9uT+rD uyKU3fmgqvg5lABuVoD +6sfCpzGhGvMkFI910 m0P0FSU8zItNRPFUkQH qMh6RnkKCbKn8yPn8J T44QwEtI8ruHc/T0xQb FSWRyYzhjpkVquzcz/a r1URxf+hPIk1YTjxaI oZVALOEsChlQSrFlmAG FJza0Qj5BEWJu8SiYE d/nLq9Bp1F3D141Ks5b HUQTH4ATUgAvOQRNcg RZoAwwy8AxewZv1ZL1Y 79bHorVg5TNl8EfW5w +AppNG</latexit><latexit s ha1_base64="rbx5pw ICaqZNwM2OtG3X+pBJX 38=">AAAB/HicbZDNT gIxFIU7+If4N8rSTSOY sCIzuNAliRuXGIUhwk g6nQ40dNpJ2zFOCL6KG xca49YHcefbWGAWCp6k yZdz7829PUHCqNKO82 0V1tY3NreK26Wd3b39A /vwqKNEKjFpY8GE7AZ IEUY5aWuqGekmkqA4YM QLxpezuvdApKKC3+os IX6MhpxGFCNtrIFd9u4 8KDiMWPpIQli9uT+rD uyKU3fmgqvg5lABuVoD +6sfCpzGhGvMkFI910 m0P0FSU8zItNRPFUkQH qMh6RnkKCbKn8yPn8J T44QwEtI8ruHc/T0xQb FSWRyYzhjpkVquzcz/a r1URxf+hPIk1YTjxaI oZVALOEsChlQSrFlmAG FJza0Qj5BEWJu8SiYE d/nLq9Bp1F3D141Ks5b HUQTH4ATUgAvOQRNcg RZoAwwy8AxewZv1ZL1Y 79bHorVg5TNl8EfW5w +AppNG</latexit><latexit s ha1_base64="rbx5pw ICaqZNwM2OtG3X+pBJX 38=">AAAB/HicbZDNT gIxFIU7+If4N8rSTSOY sCIzuNAliRuXGIUhwk g6nQ40dNpJ2zFOCL6KG xca49YHcefbWGAWCp6k yZdz7829PUHCqNKO82 0V1tY3NreK26Wd3b39A /vwqKNEKjFpY8GE7AZ IEUY5aWuqGekmkqA4YM QLxpezuvdApKKC3+os IX6MhpxGFCNtrIFd9u4 8KDiMWPpIQli9uT+rD uyKU3fmgqvg5lABuVoD +6sfCpzGhGvMkFI910 m0P0FSU8zItNRPFUkQH qMh6RnkKCbKn8yPn8J T44QwEtI8ruHc/T0xQb FSWRyYzhjpkVquzcz/a r1URxf+hPIk1YTjxaI oZVALOEsChlQSrFlmAG FJza0Qj5BEWJu8SiYE d/nLq9Bp1F3D141Ks5b HUQTH4ATUgAvOQRNcg RZoAwwy8AxewZv1ZL1Y 79bHorVg5TNl8EfW5w +AppNG</latexit><latexit s ha1_base64="rbx5pw ICaqZNwM2OtG3X+pBJX 38=">AAAB/HicbZDNT gIxFIU7+If4N8rSTSOY sCIzuNAliRuXGIUhwk g6nQ40dNpJ2zFOCL6KG xca49YHcefbWGAWCp6k yZdz7829PUHCqNKO82 0V1tY3NreK26Wd3b39A /vwqKNEKjFpY8GE7AZ IEUY5aWuqGekmkqA4YM QLxpezuvdApKKC3+os IX6MhpxGFCNtrIFd9u4 8KDiMWPpIQli9uT+rD uyKU3fmgqvg5lABuVoD +6sfCpzGhGvMkFI910 m0P0FSU8zItNRPFUkQH qMh6RnkKCbKn8yPn8J T44QwEtI8ruHc/T0xQb FSWRyYzhjpkVquzcz/a r1URxf+hPIk1YTjxaI oZVALOEsChlQSrFlmAG FJza0Qj5BEWJu8SiYE d/nLq9Bp1F3D141Ks5b HUQTH4ATUgAvOQRNcg RZoAwwy8AxewZv1ZL1Y 79bHorVg5TNl8EfW5w +AppNG</latexit><latexit s ha1_base64="rbx5pw ICaqZNwM2OtG3X+pBJX 38=">AAAB/HicbZDNT gIxFIU7+If4N8rSTSOY sCIzuNAliRuXGIUhwk g6nQ40dNpJ2zFOCL6KG xca49YHcefbWGAWCp6k yZdz7829PUHCqNKO82 0V1tY3NreK26Wd3b39A /vwqKNEKjFpY8GE7AZ IEUY5aWuqGekmkqA4YM QLxpezuvdApKKC3+os IX6MhpxGFCNtrIFd9u4 8KDiMWPpIQli9uT+rD uyKU3fmgqvg5lABuVoD +6sfCpzGhGvMkFI910 m0P0FSU8zItNRPFUkQH qMh6RnkKCbKn8yPn8J T44QwEtI8ruHc/T0xQb FSWRyYzhjpkVquzcz/a r1URxf+hPIk1YTjxaI oZVALOEsChlQSrFlmAG FJza0Qj5BEWJu8SiYE d/nLq9Bp1F3D141Ks5b HUQTH4ATUgAvOQRNcg RZoAwwy8AxewZv1ZL1Y 79bHorVg5TNl8EfW5w +AppNG</latexit>
dual WZW model
<latexit sha1_base64="q79A8fh+iG/cxBg dIjpaNzCIyMk=">AAAB9XicbZDNTgIxFIU7+If4h7p000hMWJEZNrokceMSE2GIMJJO5w40tNN J29GQCe/hxoXGuPVd3Pk2FpiFgidp8uXce3NvT5hypo3rfjuljc2t7Z3ybmVv/+DwqHp80tUyU xQ6VHKpeiHRwFkCHcMMh16qgIiQgx9Orud1/xGUZjK5M9MUAkFGCYsZJcZaD1FGOPbvfSxkBHx YrbkNdyG8Dl4BNVSoPax+DSJJMwGJoZxo3ffc1AQ5UYZRDrPKINOQEjohI+hbTIgAHeSLq2f4 wjoRjqWyLzF44f6eyInQeipC2ymIGevV2tz8r9bPTHwV5CxJMwMJXS6KM46NxPMIcMQUUMOnFg hVzN6K6ZgoQo0NqmJD8Fa/vA7dZsOzfNustepFHGV0hs5RHXnoErXQDWqjDqJIoWf0it6cJ+fF eXc+lq0lp5g5RX/kfP4AuzWR6Q==</latexit><latexit sha1_base64="q79A8fh+iG/cxBg dIjpaNzCIyMk=">AAAB9XicbZDNTgIxFIU7+If4h7p000hMWJEZNrokceMSE2GIMJJO5w40tNN J29GQCe/hxoXGuPVd3Pk2FpiFgidp8uXce3NvT5hypo3rfjuljc2t7Z3ybmVv/+DwqHp80tUyU xQ6VHKpeiHRwFkCHcMMh16qgIiQgx9Orud1/xGUZjK5M9MUAkFGCYsZJcZaD1FGOPbvfSxkBHx YrbkNdyG8Dl4BNVSoPax+DSJJMwGJoZxo3ffc1AQ5UYZRDrPKINOQEjohI+hbTIgAHeSLq2f4 wjoRjqWyLzF44f6eyInQeipC2ymIGevV2tz8r9bPTHwV5CxJMwMJXS6KM46NxPMIcMQUUMOnFg hVzN6K6ZgoQo0NqmJD8Fa/vA7dZsOzfNustepFHGV0hs5RHXnoErXQDWqjDqJIoWf0it6cJ+fF eXc+lq0lp5g5RX/kfP4AuzWR6Q==</latexit><latexit sha1_base64="q79A8fh+iG/cxBg dIjpaNzCIyMk=">AAAB9XicbZDNTgIxFIU7+If4h7p000hMWJEZNrokceMSE2GIMJJO5w40tNN J29GQCe/hxoXGuPVd3Pk2FpiFgidp8uXce3NvT5hypo3rfjuljc2t7Z3ybmVv/+DwqHp80tUyU xQ6VHKpeiHRwFkCHcMMh16qgIiQgx9Orud1/xGUZjK5M9MUAkFGCYsZJcZaD1FGOPbvfSxkBHx YrbkNdyG8Dl4BNVSoPax+DSJJMwGJoZxo3ffc1AQ5UYZRDrPKINOQEjohI+hbTIgAHeSLq2f4 wjoRjqWyLzF44f6eyInQeipC2ymIGevV2tz8r9bPTHwV5CxJMwMJXS6KM46NxPMIcMQUUMOnFg hVzN6K6ZgoQo0NqmJD8Fa/vA7dZsOzfNustepFHGV0hs5RHXnoErXQDWqjDqJIoWf0it6cJ+fF eXc+lq0lp5g5RX/kfP4AuzWR6Q==</latexit><latexit sha1_base64="q79A8fh+iG/cxBg dIjpaNzCIyMk=">AAAB9XicbZDNTgIxFIU7+If4h7p000hMWJEZNrokceMSE2GIMJJO5w40tNN J29GQCe/hxoXGuPVd3Pk2FpiFgidp8uXce3NvT5hypo3rfjuljc2t7Z3ybmVv/+DwqHp80tUyU xQ6VHKpeiHRwFkCHcMMh16qgIiQgx9Orud1/xGUZjK5M9MUAkFGCYsZJcZaD1FGOPbvfSxkBHx YrbkNdyG8Dl4BNVSoPax+DSJJMwGJoZxo3ffc1AQ5UYZRDrPKINOQEjohI+hbTIgAHeSLq2f4 wjoRjqWyLzF44f6eyInQeipC2ymIGevV2tz8r9bPTHwV5CxJMwMJXS6KM46NxPMIcMQUUMOnFg hVzN6K6ZgoQo0NqmJD8Fa/vA7dZsOzfNustepFHGV0hs5RHXnoErXQDWqjDqJIoWf0it6cJ+fF eXc+lq0lp5g5RX/kfP4AuzWR6Q==</latexit>
untwisted sector
⇠= M-theory on S2
<latexit sha1_base64="Kb9YdJ78kNX/90WtWJS +mIoo9K0=">AAACNXicbVDLSgMxFM34dnxVXboJdgQ3ykw3uiy4caGgaB/QGUsmc9sGM8mQZJQy9Kfc+B+ udOFCEbf+gulD8HUgcDjnHm7uiTPOtPH9J2dqemZ2bn5h0V1aXlldK61v1LXMFYUalVyqZkw0cCagZpjh 0MwUkDTm0Iivj4Z+4waUZlJcmn4GUUq6gnUYJcZK7dJJGEOXiYKCMKAGLsa5MLd2LyRYAzVShaEVvZBK0f Xw6Z7pgVR9LAX2Lq4qnhuCSL7S7VLZ3/dHwH9JMCFlNMFZu/QQJpLmqY1TTrRuBX5mooIowyiHgRvmGjJ Cr0kXWpYKkoKOitHVA7xjlQR3pLJPGDxSvycKkmrdT2M7mRLT07+9ofif18pN5zAqmMhyA4KOF3Vyjo3Ew wpxwpRthvctIVQx+1dMe0QRajvQri0h+H3yX1Kv7AeWn1fK1d1JHQtoC22jXRSgA1RFx+gM1RBFd+gRva BX5955dt6c9/HolDPJbKIfcD4+AdrLqiI=</latexit><latexit sha1_base64="Kb9YdJ78kNX/90WtWJS +mIoo9K0=">AAACNXicbVDLSgMxFM34dnxVXboJdgQ3ykw3uiy4caGgaB/QGUsmc9sGM8mQZJQy9Kfc+B+ udOFCEbf+gulD8HUgcDjnHm7uiTPOtPH9J2dqemZ2bn5h0V1aXlldK61v1LXMFYUalVyqZkw0cCagZpjh 0MwUkDTm0Iivj4Z+4waUZlJcmn4GUUq6gnUYJcZK7dJJGEOXiYKCMKAGLsa5MLd2LyRYAzVShaEVvZBK0f Xw6Z7pgVR9LAX2Lq4qnhuCSL7S7VLZ3/dHwH9JMCFlNMFZu/QQJpLmqY1TTrRuBX5mooIowyiHgRvmGjJ Cr0kXWpYKkoKOitHVA7xjlQR3pLJPGDxSvycKkmrdT2M7mRLT07+9ofif18pN5zAqmMhyA4KOF3Vyjo3Ew wpxwpRthvctIVQx+1dMe0QRajvQri0h+H3yX1Kv7AeWn1fK1d1JHQtoC22jXRSgA1RFx+gM1RBFd+gRva BX5955dt6c9/HolDPJbKIfcD4+AdrLqiI=</latexit><latexit sha1_base64="Kb9YdJ78kNX/90WtWJS +mIoo9K0=">AAACNXicbVDLSgMxFM34dnxVXboJdgQ3ykw3uiy4caGgaB/QGUsmc9sGM8mQZJQy9Kfc+B+ udOFCEbf+gulD8HUgcDjnHm7uiTPOtPH9J2dqemZ2bn5h0V1aXlldK61v1LXMFYUalVyqZkw0cCagZpjh 0MwUkDTm0Iivj4Z+4waUZlJcmn4GUUq6gnUYJcZK7dJJGEOXiYKCMKAGLsa5MLd2LyRYAzVShaEVvZBK0f Xw6Z7pgVR9LAX2Lq4qnhuCSL7S7VLZ3/dHwH9JMCFlNMFZu/QQJpLmqY1TTrRuBX5mooIowyiHgRvmGjJ Cr0kXWpYKkoKOitHVA7xjlQR3pLJPGDxSvycKkmrdT2M7mRLT07+9ofif18pN5zAqmMhyA4KOF3Vyjo3Ew wpxwpRthvctIVQx+1dMe0QRajvQri0h+H3yX1Kv7AeWn1fK1d1JHQtoC22jXRSgA1RFx+gM1RBFd+gRva BX5955dt6c9/HolDPJbKIfcD4+AdrLqiI=</latexit><latexit sha1_base64="Kb9YdJ78kNX/90WtWJS +mIoo9K0=">AAACNXicbVDLSgMxFM34dnxVXboJdgQ3ykw3uiy4caGgaB/QGUsmc9sGM8mQZJQy9Kfc+B+ udOFCEbf+gulD8HUgcDjnHm7uiTPOtPH9J2dqemZ2bn5h0V1aXlldK61v1LXMFYUalVyqZkw0cCagZpjh 0MwUkDTm0Iivj4Z+4waUZlJcmn4GUUq6gnUYJcZK7dJJGEOXiYKCMKAGLsa5MLd2LyRYAzVShaEVvZBK0f Xw6Z7pgVR9LAX2Lq4qnhuCSL7S7VLZ3/dHwH9JMCFlNMFZu/QQJpLmqY1TTrRuBX5mooIowyiHgRvmGjJ Cr0kXWpYKkoKOitHVA7xjlQR3pLJPGDxSvycKkmrdT2M7mRLT07+9ofif18pN5zAqmMhyA4KOF3Vyjo3Ew wpxwpRthvctIVQx+1dMe0QRajvQri0h+H3yX1Kv7AeWn1fK1d1JHQtoC22jXRSgA1RFx+gM1RBFd+gRva BX5955dt6c9/HolDPJbKIfcD4+AdrLqiI=</latexit>
Figure 1: The WZW-interpretation of F-theory on S3×Y8 allows for a T-dual description in
terms of the Hopf fiber of the S3 with N units of flux (left and middle). The large N limit
projects onto the untwisted sector which corresponds to M-theory on S2 × Y8 (right).
of the spacetime to alleviate this issue. From the perspective of a 4D observer, this looks
like a peculiar combination of flux through an S3 and a positive cosmological constant
(the remnant of having a non-holomorphic axio-dilaton profile). We stress that the two
contributions cannot be disentangled.
The present construction also provides a candidate M-theory description of some of the
resulting physics. Recall that in the context of Calabi–Yau compactification of F-theory,
reduction on a further circle is described (up to possible twists on the circle used for dimen-
sional reduction) by M-theory on the same Calabi–Yau. In the present construction, the
role of this circle is played by the S1 in the Hopf fibration of the S3. Indeed, using the fact
that at level N = pq, the SU(2)/Zp and SU(2)/Zq WZW models are equivalent [134, 135],
we learn that the large N limit of our geometry has an alternative description in terms of a
target space SU(2)/ZN
N→∞' S2. To maintain unitarity in the model it is of course essential
to include all of the twisted sectors, but projecting onto just the untwisted sector, we reach
an 11D background for M-theory on the warped product Rtime× S2× Y8, with Y8 a Spin(7)
manifold. In this geometry, there is a four-form flux threading the S2 as well as the torus
class of the fiber of Y8. We also see that this M-theory description becomes inadequate at
sufficiently high energies because to retain a unitary description of physics, one must also
include the other twisted sectors of the WZW model. See figure 1 for a depiction.
Regardless of whether we are dealing with M-theory or F-theory on a given background,
we expect some details to be universal in both treatments, especially in the long time limit
captured by the 1D quantum mechanics on Rtime. With this in mind, we first analyze the case
of M-theory compactified on a local Spin(7) manifold described locally as a non-holomorphic
K3 fibration over a four-manifold. Geometrically, this is quite similar in spirit to the analysis
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of [136] for local G2 spaces (see also [137]). Here, we develop a similar framework for 7D
super-Yang–Mills theory wrapped on a four-manifold. In particular, we find that this is
compatible with 3D N = 1 supersymmetry via the Donaldson–Witten twist [138]. This
system can be generalized to include matter fields localized on curves in the four-manifold,
as well as triple intersections of curves at points. All of this is quite similar to the prescription
used in F-theory GUT model building [139,140] (for reviews see [141,142]), so it is perhaps
not surprising that it carries over to this case as well.
Treating the 3D effective theory on Rtime × S2 as part of an untwisted sector of a full
orbifold theory, we can also lift this description back to a 4D effective theory on Rtime ×
S3. In F-theory, we are accustomed to viewing the discriminant locus of a holomorphic
elliptically fibered Calabi–Yau space as the locus wrapped by 7-branes. Since we do not have
a holomorphic K3 fibration, however, this is clearly more delicate. Our interpretation is that
there is indeed a 7-brane gauge theory since locally, we can always model the K3-fibration
holomorphically. However, since this fibration is globally non-holomorphic (even in non-
compact models), there is always an anti-holomorphic image 7˜-brane which also participates
in the local model. The mode content for the holomorphic brane with its anti-holomorphic
image leads to the full mode content of the 4D system, and also correctly reproduces the
3D untwisted sector limit as described by 7D super-Yang–Mills theory wrapped on a four-
manifold.
This analysis also indicates that at least locally, the Spin(7) background can be viewed
as the backreacted geometry obtained from F-theory on a Calabi–Yau fourfold background
in the presence of additional NS5-branes. Though we leave a full analysis of this for future
work, we can already see that this leads, for example, to a 4D background with a dilaton
gradient in the internal dimensions. Note that if we explicitly break 4D Lorentz symmetry,
there is no issue with preserving just two real supercharges.
We also study small fluctuations of the closed string sector using the 1D quantum me-
chanics. In this way, we can also identify the quantum dynamics of the scale factor a(t)
which appears as a “volume modulus” of the FRW class of metrics:
ds2 = −dt2 + a(t)2dΩ2S3 . (1.1)
Indeed, a notorious issue in string compactification is that at least some moduli are prone
to runaway behavior. Here, we see a pleasant outcome of this generic behavior: Possible
runaway behavior of our modulus is a welcome feature and indicates a model with an ever
expanding Universe!
Finally, we also address the sense in which we expect our 4D theory to have supersym-
metry. The construction presented in this paper leads, in the 3D M-theory limit, to a model
where the bosons and fermions have a split mass spectrum, induced by gravitational inter-
actions. This is a peculiarity of 3D models, and the “dark fantasy” of references [102,103] is
that this may lead to a sizable mass splitting in any candidate 4D model which implements
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these features. We find that the 4D mass splitting in our model is given by the geometric
mean of the IR and UV cutoffs:
∆m4D ∼
√
MIRMUV . (1.2)
We remark that using the observed energy density from dark energy and the Planck scale
to respectively set MIR and MUV, this yields a rough estimate for ∆m4D on the order of the
TeV scale.
The rest of this paper is organized as follows. Section 2 motivates the study of F-
theory on Spin(7) backgrounds by emphasizing that there appears to be no obstruction to
generating geometries with a T 2 fibration. Section 3 presents the general proposal that F-
theory on Spin(7) backgrounds really requires us to work on a curved 4D spacetime. The
M-theory limit is then obtained by an abelian T-duality and projection onto the untwisted
sector. Following this, in section 4 we consider the resulting Killing spinor equations in the
presence of flux. In section 5 we turn to the 3D physics of local models in M-theory on such
backgrounds, and section 6 presents the lift to four dimensions. Section 7 turns to some
universal aspects of the closed string sector, in particular the dynamics of the scale factor
and its interpretation in the associated 1D supersymmetric quantum mechanics. In section
8 we estimate the size of mass splittings for bosons and fermions in the 4D model. Section 9
presents our conclusions. Some additional review items and additional technical details are
deferred to the Appendices.
2 Torus Fibrations in Spin(7) Manifolds
Our aim in this section is to motivate the study of F-theory on Spin(7) backgrounds. This
will lead to a sharp puzzle because the resulting 4D model in flat space would appear to
have too few supercharges to support a consistent interpretation. We resolve this puzzle in
sections 3 and 4.
The general paradigm here is essentially the same as in other contexts: F-theory [107,
143,144] geometrizes the Type IIB SL(2,Z) duality acting on the axio-dilaton τIIB in terms
of the complex structure of an elliptic curve. The profile of this axio-dilaton over the 10D
spacetime then generates a 12D geometry given by a T 2 fibration over the base. Much of
the focus in the literature has centered on models of the form:
RD−1,1 × CYn , (2.1)
with CYn an elliptically fibered Calabi–Yau manifold of complex dimension n such that
D+ 2(n− 1) = 10. Indeed, the base of the elliptic fibration is a Ka¨hler manifold of complex
dimension n − 1. More generally, it is not even necessary to have a holomorphic section
for the elliptic fibration and this broader class of models is often referred to as a genus one
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fibration [145–149] (see [150,151] for reviews).
A pleasant feature of F-theory on a Calabi–Yau is that the internal components of the
Type IIB Einstein field equations with holomorphically varying axio-dilaton is automatically
solved. Additionally, the Calabi–Yau condition ensures that minimal flat space supersym-
metry is achieved in the uncompactified directions.
Even so, there is a priori no reason not to consider more general F-theory backgrounds.
In particular, there has, for a long time, been a conceptual puzzle of how to make sense of
F-theory on a Spin(7) background since it would appear to preserve half the supersymmetry
of the minimal case obtained from a Calabi–Yau fourfold. One thing we must give up from
the start is the assumption that we have a holomorphically varying axio-dilaton. This will
play an important role in the physical proposal of section 3.
To begin, we shall recall some of the key features of Spin(7) manifolds. We label these
as eight-dimensional manifolds Y8. First of all, Y8 is an orientable Riemannian manifold
with a Ricci-flat metric g whose holonomy is a subgroup of Spin(7). Such a manifold comes
equipped with a distinguished closed, self-dual four-form Ω(4), the so-called Cayley-form,
which defines a calibration on Y8. The Cayley-form is stabilized under the Spin(7) holonomy.
Explicit constructions of such manifolds have only been presented fairly recently. For
global examples, one typically relies on algebraic methods and certain underlying holomor-
phic structures. Indeed, the first compact Spin(7) spaces were constructed by Joyce as
quotients of T 8 by discrete isometries Γ [122] with only isolated fixed points. Of course, in
such a case, the quotient will locally still look like an eight-torus, so it is plausible that the
total space will retain, most likely multiple, torus fibrations, which however will in general
not be holomorphic. A very concrete model of this type has also been presented in [125].
To generalize the quotient construction, Joyce realized in [152] that one can also obtain
Spin(7) holonomy via anti-holomorphic involutions σ of a Calabi–Yau fourfold Z. Essen-
tially, this is because on a CY4 with holomorphic (4, 0)-form Ω(4,0) and Ka¨hler form J , there
is a four-form:
Ω(4) := Re
(
eiθ Ω(4,0)
)
+
1
2
J ∧ J , (2.2)
which is stabilized by a Spin(7) subgroup of the general SO(8) holonomy. In section 5 we
will interpret this as a choice of 3D N = 1 subalgebra of N = 2 supersymmetry. Now, if the
anti-holomorphic involution σ : Z → Z induces the action σ∗(Ω(4,0)) = e2iθ Ω(0,4), then Y/σ is
a Spin(7) manifold with Cayley-form given by (2.2). Such a quotient construction can now
be easily applied to elliptically or K3 fibered CY4’s, in which case the quotient will inherit
the generic fiber from the CY4. That is, locally, one still expects to have a fibration of tori
or K3 surfaces over a base. Globally however, the fibration will no longer be holomorphic.
More recently, other types of compact models have been constructed as so-called general-
ized connected sums (GCS) [127]. In simple terms, a GCS-Spin(7) manifold can be obtained
from two building blocks, one of which is simply an open, Calabi–Yau fourfold with asymp-
totic region Z+ → CY3×S1×interval. The other one is an open G2 manifold N7 over a circle,
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i.e., Z− ∼= N7×S1, where N7 asymptotes CY3× interval with the same Calabi–Yau threefold
CY3 as in the asymptotic region of Z+. The gluing along the asymptotic region produces
a Spin(7) manifold Y8. We summarize some of the details laid out in [127] in Appendix B.
For the purpose of this and the subsequent sections, we note that it is again easy to at least
locally identify torus (as well as K3) fibrations. In fact, in the spirit of the so-called twisted
connected sum (TCS) construction of G2 manifolds [126, 153, 154], N7 will in general have
an underlying K3 fibration, which can be matched with a suitable K3 fibration on the CY3
on the Z+ component. Because of the gluing, for both the TCS-G2 and the GCS-Spin(7),
the resulting fibration will generically not be holomorphic.
2.1 Local K3 Fibrations
While we have given some qualitative arguments that global constructions can accommodate
torus fibrations as well as K3 fibrations in a natural way, such structures have been utilized
explicitly in local models [128–133, 105, 155]. The motivation in these papers was to obtain
concrete forms of complete Spin(7) metrics. In addition, it is possible to engineer certain
types of singularities. Specifically, these local Spin(7) spaces are cones over coset spaces
SO(5)/SO(3) or SU(3)/U(1), such that the conical singularities can be viewed as a singular
limit of an asymptotically locally Euclidean (ALE) space. Equivalently, the total space can
be viewed as a Taub–NUT fibration over a four-cycle S. Of course, this is just a local
description of a K3 fibration over S.
Rather than launch into the technical details presented in the above references, we shall
instead focus on the main physical points. First, we employ the duality between M-theory
and type IIA:
M-theory on Y = N × S1 =⇒ type IIA on N . (2.3)
Moreover, in the spirit of F-theory, one can also allow for M-theory on an S1-fibration Y → N
and invoke the limit fiberwise, with singularities indicating the presence of D6-branes. For
the purposes of this section, let us restrict to compactifications to 3D Minkowski space, in
which case Y = Y8 is an eight-manifold and N = N7 a seven-manifold.
For M-theory compactifications preservingN = 1 SUSY in 3D flat space, we already know
that Y8 has to be Spin(7). On the other side, type IIA requires N7 to be a G2 manifold, with
D6-branes wrapping co-associative four-cycles X ⊂ N7 [156–158].3 However, it is also known
that the M-theory uplift of D6-branes gives rise to a local Taub–NUT space. More precisely,
for a stack of D6-branes on X, the dual M-theory is a purely geometric background where
the local geometry is a Taub–NUT fibration over X. Of course, a Taub–NUT space is itself
just a local description around the singularities of a K3, i.e., it describes the patch around an
ADE singularity C2/Γ, where Γ is a finite subgroup of SU(2). Thus, the physical intuition
from M-theory / IIA duality precisely gives us the local picture of a Spin(7) manifold Y8 as
3 That is, X is a four-cycle calibrated by the four-form ?ϕ, where ϕ is the three-form associated with the
G2 metric.
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a K3-fibration over a four-cycle X. Note that the co-associativity of X now implies that it
is calibrated by the Cayley-form Ω(4) on Y8. In general, X is a four-dimensional Riemannian
manifold endowed with a Spinc structure. If we had a 3D N = 2 theory, the local geometry
would be a Calabi–Yau fourfold and X would be a Ka¨hler surface. We will return to this
point in section 5.4.
3 F-theory and M-theory on Spin(7) Backgrounds
The main lesson from the previous section is that there is no reason, a priori, to not consider
non-holomorphic torus fibered Spin(7) backgrounds. From this perspective, we must ask
how to make sense of the resulting F-theory backgrounds.
This presents an immediate puzzle because in flat space, F-theory on an elliptically
fibered Calabi–Yau fourfold already has minimal N = 1 supersymmetry. A torus fibered
Spin(7) background would have “N = 1/2 supersymmetry.” The main aim of this section
is to present a general phenomenologically viable proposal for how to make sense of such
backgrounds.
M-theory on Spin(7) backgrounds has no such problems. Indeed reference [104] explicitly
showed that M-theory can be placed on warped products of the form R2,1 × Y8 with Y8
a Spin(7) manifold. In section 4 we show that from the perspective of the Killing spinor
equations, there is no obstruction to switching on a background four-form flux which threads
the spatial components of the geometry as well as some two-cycle of the internal eight-
manifold. Doing so, we should technically relax the constraint of Spin(7) metric holonomy,
and only demand an internal manifold with structure group Spin(7), though in what follows
we shall ignore such fine points. In a local frame there is no obstruction to retaining 3D
N = 1 in the presence of a spatial flux. So in principle, this construction can be broadened to
consider warped products of the form Rtime×M2×Y8 with suitable four-form flux threading
internal four-cycles as well as a compact two-cycle in the spacetime (and an internal two-
cycle).4
For the purposes of F-theory we must restrict to torus fibered Spin(7) backgrounds.
Already, there is a potential issue because in 4D flat space, there is no theory with two
real supercharges. On the other hand, an important clue from the discussion of section 2
is that the torus fibration is necessarily non-holomorphic. That means the IIB axio-dilaton
τIIB(z, z) will generically have strong internal gradients in the internal directions. To satisfy
the Einstein field equations one must then include additional sources beyond what 7-branes
can provide.
Here, we consider the simplest way to address this issue: We consider F-theory compacti-
fied on the warped product Rtime×S3×Y8, where the S3 is really the target space of an SU(2)
4Globally, there are obstructions to retaining a well-defined Killing spinor, especially when this spatial
factor is a round S2.
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WZW model at large level. F-theory compactified on warped products to non-Minkowski
spacetimes has also been studied recently in the context of the AdS/CFT correspondence
in [159,160].
To see why this has a chance of working, recall that the WZW model is defined by a 2D
CFT with target space metric and B-field. Treating these parameters as couplings of the 2D
theory, one finds that the beta functions can be consistently set to zero, yielding a conformal
fixed point [114]. This is a promising start for solving all of the equations of motion of the
NS sector. Indeed, at lowest order in α′ one gets the following beta functions (in the critical
dimension):5
βgµν = α
′Rµν + 2α′∇µ∇νΦ− 1
4
α′HµρσHνρσ , (3.1)
βBµν = −
α′
2
∇ρHρµν + α′∇ρΦHρµν , (3.2)
βΦ = −α
′
2
∇2Φ + α′∇µΦ∇µΦ− α
′
24
HµνρH
µνρ . (3.3)
The central charge of the bosonic SU(2) WZW model at level N is:
c =
3N
N + 2
, (3.4)
so in the large N limit, we get c = 3, as required to build three macroscopically large
dimensions. At finite N , we also observe a deficit in the central charge:
δc = 3− 3N
N + 2
=
6
N + 2
. (3.5)
Indeed, to satisfy βΦ = 0 one must include a gradient of some sort for the dilaton. This is
due to two features. First, the WZW model is in dimension “3−ε” and second, the presence
of a non-zero H-flux means we cannot otherwise solve for a vanishing beta function βΦ. The
classic example of this sort is the near horizon geometry of an NS5-brane [162].
From the perspective of a 4D observer on the Rtime × S3 factor, the appearance of a
dilaton gradient in the internal directions would look like a positive cosmological constant.
At present we do not see how to reliably disentangle this from the presence of the H-flux,
so this definitely would not produce a pure de Sitter solution. We return to this point in
section 7.
From the perspective of the 12D F-theory geometry, we also need this H-flux because by
assumption, the axio-dilaton is not varying holomorphically. This means that in the βΦ = 0
equation of motion, the internal contributions cannot be cancelled off unless some other
fields contribute. Here we have taken the simplest possibility as sourced by NS three-form
flux but it would of course be interesting to consider more general possibilities.
5See for instance section 3.7 of [161].
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Returning to the beta function equations of motion, the WZW ansatz then applies so
βBµν is zero. The beta function β
g
µν is also zero because we require:
Rµν =
1
4
HµρσHν
ρσ . (3.6)
Finally, as already mentioned, βΦ is zero because we allow for a non-trivial dilaton gradient
in the extra dimensions.
We can also write down the explicit metric and H-flux which solve these equations. As
is standard, we write the unit three-sphere metric as:
dΩ2(3) = dψ
2 + sin2 ψ dθ2 + sin2 ψ sin2 θ dφ2 , (3.7)
and the H-flux is proportional to the volume form on the unit S3:
H =
Nl2s
2pi2
VolS3 , (3.8)
where VolS3 = sin
2 ψ sin θ dψ ∧ dθ ∧ dφ is the volume form on a unit radius 3-sphere. Our
units for l2s are chosen so that we obey the proper quantization condition:
1
l2s
∫
S3
H = N . (3.9)
Including supersymmetry is also straightforward in this framework, a point we shortly turn
to in section 4. Indeed, no supersymmetry is broken by such WZW models. In this sense,
the WZW model is actually a “spectator.”
At a more conceptual level, introducing the background H-flux amounts to incorporating
torsion into the spin connection. This affects left handed and right-handed spinors differently,
and is captured by the substitutions we perform for the two connections:
ω(L)(H) = ω +
1
2
H , (3.10)
ω(R)(H) = ω − 1
2
H . (3.11)
The WZW model on S3 automatically solves the Einstein field equations because the curva-
ture with respect to the shifted spin connections vanish. Indeed, an S3 is parallelizable.
Another wonderful feature of the WZW model is that the CFT description is essentially
exact and solvable. In particular, the model enjoys an SU(2)L × SU(2)R symmetry, and we
can label states of the CFT as descendants of the Virasoro primaries:
|jL,mL; jR,mR〉 , (3.12)
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where jL, jR denote the particular representation in question, and mL,mR denote values of
the J
(L)
3 and J
(R)
3 operators. These should be viewed as labelling the “momenta” of a state
on the S3, and are also associated with the standard tachyonic states present in any bosonic
string theory. In the worldsheet model, the values of the angular momenta are cut off by the
conditions:
0 ≤ jL ≤ N
2
and 0 ≤ jR ≤ N
2
. (3.13)
In the target space interpretation, high angular momentum objects cease to behave as point
particles, and instead start puffing up to a large size comparable to the IR cutoff.
We reach physical states not eliminated by the GSO projection by passing to the descen-
dants. This is obtained by acting with the lowering operators of the left- and right-moving
current algebra, Ja−n, J˜
a
−m, in the obvious notation. For example, the dilaton, metric and NS
two-form are captured by excitations of the form:
|WZW Dilaton〉 = Ja−1J˜a−1 |j,mL; j,mR〉 , (3.14)
|WZW Metric〉 = J (a−1J˜ b)−1 |j,mL; j,mR〉 , (3.15)
|WZW B-Field〉 = J [a−1J˜ b]−1 |j,mL; j,mR〉 . (3.16)
The “dilaton” in particular can also be viewed as the scale factor of an FRW model. In
the above, we have also imposed the level matching constraint which correlates the angular
momentum representation of the left- and right-movers.
The above description helps to explain the sense in which the F-theory model UV com-
pletes our 3D M-theory description. The main point is that because we have a solvable
worldsheet CFT on the S3 factor, we can track the behavior of various states which appear
in the M-theory limit. In particular, we note that since the level N = pq WZW model admits
two equivalent presentations as the SU(2)/Zp and SU(2)/Zq CFTs [134, 135], we can take
the extreme case where p = 1 and q = N . Said differently, we can work with either a fluxed
S3 or a fluxed S3/ZN
In the large N limit the geometry of the untwisted sector is well-approximated by replac-
ing the ZN factor by a continuous U(1) factor. The resulting coset space S2 = SU(2)/U(1)
amounts to collapsing the circle bundle of the Hopf fibration. From a physical perspective,
we can thus work in terms of the S2 geometry provided we also include all the twisted sector
states as well. The fact that we “lost a dimension” motivates our proposal to treat the
projection onto the untwisted sector as the M-theory description. This also shows that the
M-theory limit is, by itself, not UV complete, for the same reason that projecting onto the
untwisted sector of a CFT leads to a loss of unitarity in the full model.
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4 Supersymmetry in the Presence of Flux
In the previous section we presented a general proposal for how to make sense of F-theory
on Spin(7) backgrounds. Our aim in this section will be to study the sense in which su-
persymmetry can be preserved for such backgrounds. The main idea we develop here is
that although in signature (3, 1) this is not possible, in signature (2, 2) it is possible to have
“N = 1/2 supersymmetry.” Of course, in the analytic continuation back to Lorentzian
signature this means that any finite energy excitation will break supersymmetry. The only
state which can enjoy this “N = 1/2 supersymmetry” is the ground state, which is the
privileged state invariant under all symmetry generators. For some recent discussion on the
interpretation of F-theory in (10, 2) signature, see reference [163].
As we also need to make contact with various M-theory limits of this construction, it will
also prove helpful to study fluxed backgrounds for 3D vacua generated from M-theory on
Spin(7) backgrounds. With this in mind, we first consider the Killing spinor equations for
M-theory backgrounds, and then turn to the related analysis for F-theory backgrounds.
4.1 M-theory on Rtime × S2 × Y8
11D supergravity has a single 32 component Majorana spinor as a supersymmetry parameter,
. On spacetimes which are warped products of the form:
Rtime × S2 × Y8 (4.1)
the Lorentz group factors as a product and the supersymmetry parameter decomposes as
Spin(10, 1)→ Spin(2, 1)× Spin(8)→ Spin(2)× Spin(8)
32→ (2,8s)⊕ (2,8s′)→ 8s1 ⊕ 8s−1 ⊕ 8s′1 ⊕ 8s′−1 .
(4.2)
The 2 representation of Spin(2, 1) is real, and the spinor representations of the Spin(8) can
be taken to be individually Majorana due to triality. When the holonomy of the internal
manifold is taken to be reduced to Spin(7) then one finds
Spin(8)→ Spin(7)
8s → 1⊕ 7
8s
′ → 8 ,
(4.3)
and thus one can see that there will be exactly two real supercharges preserved in this
background.
The Killing spinor equation from the variation of the gravitino in 11D supergravity is [164]
∇M− 1
288
(
ΓP1···P4M − 8δP1M ΓP2···P4
)
GP1···P4 = 0 , (4.4)
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where G is the M-theory four-form flux. In the internal directions, along Y8, we must be able
to solve the Killing spinor equations in such a way that Y8 is a Spin(7) manifold. As we have
shown that there is a single covariantly constant spinor, that is, one that transforms trivially
under parallel transport along Y8, we need only to solve the external Killing spinor equations,
to guarantee that there is a supersymmetric solution despite the non-trivial curvature of the
S2.
We decompose the 11D spinor in terms of components as
 = (ρ+1 + ρ
−
1 )⊗ ηs + (ρ+2 + ρ−2 )⊗ ηs
′
, (4.5)
where ρ±i are the spinors transforming in the Spin(2) spin representation, and η
s,s′ are the
Majorana–Weyl spinors on the eight-manifold, Y8. Since η
s′ does not give rise to a Killing
spinor on Y8 we shall simplify the notation and write ρ
±
1 = ρ
±. More generally, we shall
use ρ, sans superscript, to refer to the packaging of ρ± together into the 2 of the broken
Spin(1, 2).
We write the 11D metric as
ds2 = e2C
(−dt2 + dΩ2S2 + ds2Y ) , (4.6)
and decompose the 11D Γ matrices in terms of the 3D and 8D Γ matrices via
Γµ = γµ ⊗ γ˜9 , Γm = 12 ⊗ γ˜m . (4.7)
We chose the four-form flux, G4, such that it has one component which has two legs along
the putative sphere and two in the internal directions, and the remaining contributions are
supported entirely on the Spin(7) manifold. We write, schematically,
G4 = µνGmn +Gmnpq . (4.8)
The external part of the Killing spinor equations then becomes
∇µ
(
ρ+1 + ρ
−
1
)− 1
288
(
ΓP1···P4µ − 8δP1µ ΓP2···P4
)
GP1···P4
(
ρ+1 + ρ
−
1
)
= 0 . (4.9)
On the 3D spacetime, the Killing spinor equation is simply:
(∇µ + γνFνµ)ρ = 0 (4.10)
in the obvious notation. The upshot of this analysis is that at least in each local frame, there
is no issue with preserving two real supercharges on such fluxed backgrounds. Introducing
real supercharges Qa with a = 1, 2, we have in a local frame:
{Qa, Qb} = 2γµabPµ, (4.11)
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with Pµ the local generators of translations, and γ
µ are 3D gamma matrices. The appearance
of a warped product in Rtime × S2 × Y8 ensures that these supercharges are independent of
time, that is, [P0, Qa] = 0.
Globally, however, there is an important subtlety with preserving supersymmetry with
a round S2 factor. Indeed, since the isometry group is SO(3), we need our supercharges
to assemble into pseudo-real representations of the bigger symmetry algebra. This would
lead to a contradiction with the analysis just presented because the pseudo-real (rather than
real) representation would require four real degrees of freedom, not two. So, either we give
up the isometries or the supersymmetries of the system. It seems clear that we need to give
up the supersymmetries for all finite energy excitations. However, there is no reason this
also needs to hold for the ground state. Indeed, if we consider the analytic continuation
of our spacetime to a different signature, we can define a supersymmetric theory with two
real supercharges and a ground state which is annihilated by two real supercharges. This
ground state is the analog of the Bunch–Davies vacuum in cosmology (see reference [165]).
So, while all finite energy excitations will have broken supersymmetry, the ground state can
still enjoy this feature. Note also that this is really an infrared effect since frame by frame,
we can solve the Killing spinor equation. So, locally we can still organize fields according
to 3D N = 1 supermultiplets even though supersymmetry is broken by “infrared effects” in
the spacetime.
With this caveat in mind, unitary representations of this algebra include a 3D N = 1
vector multiplet consisting of a 3D vector boson and a two component real spinor. Addi-
tionally, we have the real scalar multiplet consisting of a real scalar and a two component
real spinor.
4.2 F-theory on Rtime × S3 × Y8
We now turn to a similar analysis in the F-theory model. To frame our discussion, recall
that in the standard approach to Calabi–Yau compactification in perturbative string theory,
one instead seeks out geometries of the form R3,1 × CY3. In this language, one specifies a
covariantly constant spinor on the CY3 directions to retain unbroken supersymmetry in the
macroscopic spacetime dimensions. This is generalized in the context of F-theory compact-
ification, where the six internal dimensions are replaced by B6, the base of an elliptically
fibered Calabi–Yau space.
To properly analyze all reality conditions for supersymmetric vacua which descend from
this higher-dimensional perspective, it is often helpful to work in terms of the 32-dimensional
Majorana–Weyl spinor of Spin(10, 2) and track its decomposition under the subalgebra
Spin(3, 1)× Spin(7, 1):
Spin(10, 2) ⊃ Spin(3, 1)× Spin(7, 1) (4.12)
32→ (2L,8s) + (2R,8s′) . (4.13)
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In this presentation, the first and second factors are complex conjugates. Indeed, the 2L
here labels a complex Weyl spinor.
From the perspective of F-theory, however, we typically want to view the Spin(7) mani-
fold as a Riemannian manifold. That necessitates a different decomposition according to (by
abuse of notation we use the same labels for representations even though they have different
reality properties):
Spin(10, 2) ⊃ Spin(2, 2)× Spin(8) (4.14)
32→ (2L,8s) + (2R,8s′) , (4.15)
where we then need to analytically continue in the (2, 2) signature directions.
Now, the reality properties of our spinors depend quite significantly on the signature of
the spacetime. For example, in signature (3, 1) the minimal amount of supersymmetry is a
Weyl spinor, a complex doublet. In signature (2, 2), however, we can simultaneously impose
a Majorana and Weyl condition, so we can speak of a system with two real supercharges.
In this sense, it is valid to discuss N = 1/2 supersymmetry. Note also that in the decom-
position of line (4.14), the eight-dimensional representations are real. In particular, we can
independently decompose the 8s and 8s
′
.
So, at least in a 4D spacetime with signature (2, 2), we should not have any issue with
preserving two real supercharges. The physical interpretation will require us to analytically
continue this back to signature (3, 1). The “Bunch–Davies vacuum” of the system is still
expected to be supersymmetric, since by definition it is required to be invariant under all
symmetries regardless of spacetime signature. Finite energy excitations are another matter
altogether, and this cannot be read off from an analytic continuation. For some additional
discussion on this point, see for example reference [166]. We also expect that in reduction
to three dimensions we ought to recover in each local frame 3D N = 1 supersymmetry, so
in this sense it is appropriate to speak of two real supercharges.
To see how this comes about, we now trace through the Killing spinor analysis directly
in signature (3, 1). We find that in this signature, all supersymmetry is lost due to a reality
condition on a pseudo-real spinor representation. However, in the analytic continuation to
(2, 2) signature, no such issue arises. We also explain the sense in which each local frame in
three dimensions retains two real supercharges.
In the spirit of F-theory, we geometrize possible seven-brane sources by working in terms
of an auxiliary 12D geometry. Next, we apply the standard philosophy: We assume that
the Spin(7) background provides us with a solution to the internal Killing spinor equations.
Though obviously more difficult to solve, one can also formally state the requisite conditions
in terms of the IIB dilatino and gravitino variations (see Appendix A).
Doing so, we find first of all, that the 4D fluxed Killing spinor equation breaks into two
conditions. First, we need to solve the Killing spinor equation in the presence of a torsion
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background:
(∂µ + ω
(L)
µ (H))ρ = 0 . (4.16)
Here, ρ is a two-component left-handed Weyl spinor, and ω(L)(H) is the left-handed spin
connection in the presence of H-flux. In the case of the WZW model, we have a specific
choice of H-flux which allows us to immediately solve this equation. Indeed, from our discus-
sion near equation (3.10), the main effect is to parallelize the local frame. We also note that
the presence of a warped product ensures that our Killing spinors are time independent.6 In
Appendix A we consider a complexified three-form flux as suggested by Type IIB supergrav-
ity. Here, we absorb this into an overall choice of complex phase to maintain contact with
our discussion of WZW models presented earlier.
In addition to the 4D Killing spinor equation, the remnants of the Spin(7) ansatz produce
a projection which relates the left-handed Weyl spinor ρα and its right-handed conjugate ρ
†
α˙.
This is only possible because the presence of H-flux produces a new two spinor index object
H β˙α:
ρα = ρ†
β˙
H β˙α. (4.17)
Absorbing all contributions from flux and warp factors into our definition of this quantity,
we can take it to be, up to a complex phase, the 2× 2 identity matrix, that is to say:
H β˙α = eiθσβ˙α0 . (4.18)
Let us now state the supersymmetry algebra. In a local frame, we introduce a two-
component Weyl spinor Qα and its conjugate Q
†
β˙
. We then have the conditions:
{Qα, Q†β˙} = 2σ
µ
αβ˙
Pµ (4.19)
Qα = eiθQ†
β˙
σβ˙α0 , (4.20)
where Pµ is the local generator of translations. Additionally, our supercharges are indepen-
dent of time, that is, [P0, Qα] = 0. It is sometimes also convenient to work in terms of rigid
supersymmetry. In that case, one should replace the spatial translations by the SU(2)L
generators of the SU(2)L × SU(2)R symmetries of the round S3 (see references [167, 168]).
Let us also note that this analysis (aside from the reality condition of line (4.20)) is in accord
with that of [167, 169], namely a supersymmetric quantum field theory can be placed on a
three-sphere (with H-flux) without breaking any supersymmetry. Additionally, we exploited
the presence of the warp factor to ensure that our supercharges are independent of time.
Finally, the phase eiθ specifies a choice of “N = 1/2 supersymmetry.”
How many supercharges do we now have? In fact, based on our analysis of the associated
representations, we can already see a potential issue with having N = 1/2 supersymmetry
6A simple example of this type is the near horizon geometry of an NS5-brane (see e.g. [162]).
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in signature (3, 1).7 Because the isometries of a round S3 ought to act on the supercharges,
we should expect to get a representation of Spin(4). But this is problematic because the
corresponding spinors transform in pseudo-real representations, so we would eventually wind
up with four real degrees of freedom, not two!
In fact, we expect that in this spacetime signature, supersymmetry will indeed appear to
be broken, even in a local frame. Returning to line (4.20), we see that precisely because we
are using the identity matrix to identify a Q with its complex conjugate, we have actually
forced the Q’s to vanish. So in this sense, the supersymmetry algebra in signature (3, 1) is
totally vacuous.
But this is not so in signature (2, 2): In that case we can have Majorana–Weyl spinors
with two real degrees of freedom. The price we pay is that we have an unphysical spacetime
signature for any propagating (read finite energy) excitation. Nevertheless, we can use this
analytic continuation to define the ground state, and then proceed back to (3, 1) signature.
Indeed, all we demand is that our ground state be annihilated by the appropriate (complex-
ified) symmetries. Note that this is analogous to the definition of the Bunch–Davies vacuum
via passing from Euclidean to Lorentzian signature [165]. So, while all finite energy excita-
tions above the vacuum will experience broken supersymmetry, the ground state will not.
An additional comment is that in the associated WZW model, this involves continuation
from SL(2,R) to SU(2).
We can also now see from a 4D perspective how 3D N = 1 supersymmetry fits into the
story. To see why, consider the M-theory limit as obtained by projecting onto the untwisted
sector of the orbifold S3/ZN in the large N limit. In a local frame, this reduction will look like
we have chosen a preferential vector in the spatial R3 factor. Returning to line (4.20), this
introduces a further shift in the reality condition, which we summarize as the replacement
σ0 → σ3. This in turn makes it possible to impose a non-trivial reality condition on the
spinor, bringing us to 3D N = 1 supersymmetry.
So, even though supersymmetry is broken, we expect the field content of our 4D “N =
1/2” theory to share many similarities with that of a 3D N = 1 theory. Viewing our S3 as
an S1 bundle over S2, we can first build multiplets on the base S2 and then extend them
into the fiber. We defer further discussion of this to section 6.
5 3D M-theory on a Local Spin(7) Manifold
Though our eventual aim is the analysis of F-theory on warped products Rtime×S3×Spin(7)
backgrounds, we first need to develop the theory of the untwisted sector associated with the
3D M-theory model. Here, we study the case of M-theory compactified on a local four-
manifold of ADE singularities, and take the 3D spacetime to be R2,1. We observe that each
of these singular fibers can be presented in terms of a non-compact elliptically fibered K3
7We thank T. Rudelius for communication on this point (as communicated to him by E. Witten).
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surface, so we automatically get a torus fibration over a non-compact six-manifold. The
main complication is that this fibration is necessarily non-holomorphic to accommodate the
global structure of a Spin(7) manifolds. This fibration gives rise to a 7D super-Yang–Mills
theory coupled to various spacetime filling defects.
So, our starting point will be a 3D N = 1 theory generated by M-theory compactified
on a local Spin(7) manifold. For specificity, we assume that this Spin(7) manifold takes
the form of a non-holomorphic singular K3-fibration over a four-manifold XGUT. This can
be arranged by taking a local Spin(7) manifold given by an R4 bundle over XGUT and then
performing a quotient of each R4 fiber by ΓADE ⊂ SU(2) a finite subgroup.
In particular, we do not require XGUT to be a Ka¨hler surface, but will require the existence
of an orientation and Spinc structure which is compatible with it being a calibrated cycle
of the Cayley four-form Ω(4) of the Spin(7) manifold. We allow for further degenerations in
the local K3 fibration to accommodate the analog of matter and Yukawa couplings much as
in the case of intersecting 7-branes obtained from Calabi–Yau fourfolds.
Now, from the perspective of M-theory on such a four-manifold, we see 7D super-Yang–
Mills theory on the space R2,1×XGUT. The effective 3D theory equally has an interpretation
in Type IIA string theory as the theory on 6-branes wrapping a coassociative four-cycle,
XGUT inside of a (local) G2 manifold. To understand the low energy effective field theory in
the 3D spacetime, we follow the standard procedure of topologically twisting the theory on
the four-manifold. To this end, we first consider the theory in flat space, and after listing
all of the fields and their symmetry transformation properties, we apply the corresponding
twist.
In flat space, 7D SYM has an SU(2)I R-symmetry, so this field theory enjoys the global
symmetries SO(2, 1)× SU(2)L × SU(2)R × SU(2)I . The field content under these different
groups is:
Flat Space Symmetries: SO(2, 1)× SU(2)L × SU(2)R × SU(2)I (5.1)
7D Gauge Field: (3,1,1,1)⊕ (1,2,2,1) (5.2)
Triplet of Scalars: (1,1,1,3) (5.3)
Gauginos: (2,2,1,2)⊕ (2,1,2,2). (5.4)
Applying the Donaldson–Witten twist [138], we embed the R-symmetry SU(2)I into the
internal SO(4) symmetry. Doing so, we get the representation content of the twisted theory:
Twisted Symmetries: SO(2, 1)× SU(2)L × SU(2)diag (5.5)
7D Gauge Field→ (3,1,1)⊕ (1,2,2) (5.6)
Triplet of Scalars→ (1,1,3) (5.7)
Gauginos→ (2,2,2)⊕ (2,1,3)⊕ (2,1,1) , (5.8)
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so as advertised, we produce a theory with a single doublet of supercharges on the internal
space, namely a 3D N = 1 supersymmetric theory. The fields now assemble into supermul-
tiplets of differential forms on XGUT. We denote these as a vector multiplet V transforming
as a 0-form on XGUT, a scalar multiplet A(s) transforming as a 1-form connection on XGUT,
and a scalar multiplet Φ(st) transforming as a self dual 2-form on XGUT:
V : (3,1,1)⊕ (2,1,1) (5.9)
A(s): (1,2,2)⊕ (2,2,2) (5.10)
Φ(st): (1,1,3)⊕ (2,1,3) . (5.11)
We note that all bosons and fermions are counted via real degrees of freedom. Our convention
for self-dual versus anti-self-dual for the two-form scalars is dictated by the expected match
to the special case where we take XGUT to be a Ka¨hler surface. In that case, we ought to be
able to pass to the Vafa–Witten twist, where there is an adjoint valued (2, 0)-form.
The bosonic action of 7D super-Yang–Mills theory is obtained by dimensional reduction
of 10D super-Yang–Mills theory. Recall the Lagrangian of that system is, for gauge group
G:
L10D =
1
g2
Tr
(
1
2
F ∧ ?F −Ψ iΓµDµΨ
)
, (5.12)
with FIJ the 10D field strength and Ψ a 10D Majorana–Weyl spinor in the adjoint represen-
tation. This action is supersymmetric (on-shell) with the transformations (see e.g. [170]):
δ10D SUSYΨ =
1
2
ΓIJFIJ ε (5.13)
δ10D SUSYAI = i εΓIΨ . (5.14)
Anticipating the expected contributions from supersymmetry, we write the 7D action in a
particularly suggestive way using the self-dual field strength FSD and the self-dual two-form
φSD on XGUT. Assembling all terms according to 3D fields, we can write the purely bosonic
terms as a sum of kinetic and potential terms:
Lbosonic7D = Lbosonickinetic + Lbosonicpotential , (5.15)
with:
Lbosonickinetic = −
1
2g23D
Tr (F3D ∧ ?F3D)− |D3DAGUT|2 − |D3DφSD|2 , (5.16)
Lbosonicpotential =
∫
XGUT
(−|FSD + φSD × φSD|2 − |DAφSD|2) . (5.17)
In the above, we have introduced a cross-product operation for self-dual two-forms. We
automatically get this structure in the local model because the bundle of self-dual two-forms
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over XGUT is a non-compact G2 manifold. As such, it comes equipped with an associative
three-form C(3). Consequently, there is a natural pairing:∧2
SD
(ad(P ))×
∧2
SD
(ad(P ))→
∧2
SD
(ad(P )) with: (φSD × φ′SD)k = Cijkφiφ′j , (5.18)
where here, we view the φi and φ′j as triplets in
∧2
SD⊗ ad(P ), with P a principal G-bundle.
Note that φSD × φSD does not vanish because of the ad(P ) factor.
The terms involving the fermions of the action also follow directly from dimensional
reduction of the 10D super-Yang–Mills theory action. Our normalization conventions are
fixed by matching to standard 3D N = 1 and 4D N = 1 supersymmetric actions. We split
this up into a kinetic term and interaction terms:
Lfermionic = Lfermionickinetic + Lfermionicint . (5.19)
The kinetic terms implicitly depend on the metric of the internal geometry (which descends
to the Ka¨hler metric of the 3D N = 1 theory), but are otherwise of the standard form. The
interaction terms are dictated by the differential form content on XGUT:
Lfermionicint = −
1
2
χSD∧DAψ(1)+ i√
2
?ψ(1)∧DAη(0)−1
2
ψ(1)∧[φSD, ψ(1)]+ i√
2
η(0)∧[φSD, χSD]+c.c. .
(5.20)
Indeed, the full 3D N = 1 action can also be derived using the structure of the su-
persymmetry variations for the fields. The on shell variations of the various fields are fully
determined just by the condition that we build appropriate differential forms on XGUT. Since
the 10D super-Yang–Mills theory supersymmetry variations of the fermions always produce
a 10D field strength, we only allow quadratic order terms for φSD and linear order terms in
FSD. Because we have a single real two-component doublet of supercharges in three dimen-
sions, we can explicitly display the real spinor index. This essentially follows from Appendix
D of reference [139] as well as reference [171] (suitably adapted) so we shall be brief:
δaχ
SD
b = i
√
2γµabDµφSD −
√
2ab(FSD + φSD × φSD) , (5.21)
δaψ
(1)
b = i
√
2γµabDµA
GUT
(1) −
√
2 ? DAφSD , (5.22)
δaη
(0)
b = γ
µν
ab Fµν . (5.23)
We obtain a 3D N = 1 supersymmetric vacuum (classically) by considering background
values of the fields independent of the 3D spacetime, and also setting the remaining variations
associated with fluctuations on the four-manifold to zero.
In addition to these local interactions, one can in principle also include various Chern-
Simons terms for the gauge fields, and this has been studied for example in reference [105].
For an abelian vector multiplet, this follows from reduction of the 11D topological terms
C3 ∧G4 ∧G4 and C3 ∧ I8. For a non-abelian vector multiplet there is a natural extension of
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this which is fixed by the condition that it reproduces the abelian answer in suitable limits.
In the local setting the levels of the Chern-Simons theory are adjustable parameters. These
terms play an important role in the quantum theory but we defer an analysis of this to future
work.
Much as in other contexts which have been studied in the literature, including [172,
173, 139, 171], we can write down a supersymmetric action, integrated over the internal
directions. Then, the supersymmetric vacuum conditions reproduce the supersymmetric
equations of motion of our 7D gauge theory wrapped on XGUT. This is by now a fairly
standard exercise in the F-theory / M-theory literature, so we instead focus on the elements
which are qualitatively different compared with those cases.
The main thing we emphasize here is that there is a superpotential:
WX =
∫
XGUT
Tr
(
ΦSD ∧
(
F+
1
3
ΦSD × ΦSD
))
, (5.24)
where:
F = dA+ A ∧ A (5.25)
is the field strength in the internal directions, presented as a 3D N = 1 superfield. Varying
with respect to ΦSD and A, we obtain the F-term equations of motion for the bosonic
components:
DAφSD = 0 and FSD + φSD × φSD = 0 , (5.26)
where in the second equation we used the fact that φSD is a self-dual two-form.
Some of this analysis can also be recovered from a “bulk perspective.” Recall that a
Spin(7) manifold comes with a distinguished real four-form Ω(4), and that to retain super-
symmetry, we require our four-manifold XGUT to be a calibrated cycle with respect to this
four-form. Since we are also free to wrap M5-branes over other four-cycles, we clearly get
domain walls in the 3D N = 1 theory, with a BPS tension set by the analog the Gukov–
Vafa–Witten superpotential [174] (see also [106]):
Wbulk =
∫
Y8
Ω(4) ∧G(4) , (5.27)
where G(4) denotes the difference in G-flux on the two sides of the domain walls. For earlier
work on string compactification and domain walls in 3D N = 1 theories, see for example
in [175,136,176].
We now see that at least the abelian subsector (that is, the part which can be seen
purely geometrically) of the superpotential of line (5.24) is in accord with these considera-
tions: Introducing harmonic two-form representatives for the collapsing cycles of the ADE
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singularity, we write:
δΩ(4) ∼ φSD ∧ ωfiber , δG(4) ∼ FSD ∧ ωfiber . (5.28)
5.1 Bulk Zero Modes
The physics of the 3D effective field theory involves the zero modes generated by the theory
on the four-manifold. These are obtained by first solving the F- and D-term constraints,
and then expanding around such a background. This breaks the original gauge symmetry
G on the 6-brane down to some commutant subgroup H ⊂ G. At the level of the principal
G-bundle ad(P ), this involves a decomposition as:
ad(P )→
⊕
i
(τi, Ei) . (5.29)
where τi are representations of the unbroken group H. The 3D N = 1 zero mode content
will then be determined by the bundle content on the four-manifold. From the fluctuations
of the gauge field, we get zero modes in representations:
δAτi ∈ H1(XGUT, Ei) , (5.30)
δAτ∗i ∈ H1(XGUT, E∗i ). (5.31)
For the fluctuations of the self-dual two-form we instead find:
δΦτi ∈ H0(XGUT,
∧2
SD
⊗ Ei) , (5.32)
δΦτ
∗
i ∈ H0(XGUT,
∧2
SD
⊗ E∗i ). (5.33)
Observe that in the 3D N = 1 theory, CPT conjugation amounts to switching self-dual and
anti-self-duality conditions on the internal modes. This is reflected as a complex conjugation
/ dualization on the associated bundle assignments.
5.2 Localized Matter and Interactions
The study of localized matter and Yukawa interactions in our 3D theory also follows a quite
similar analysis. Much as in the case of F-theory GUTs, we can model these localized matter
fields as vortex solutions generated by a background value for the self-dual two-forms of the
twisted 7D action. The main thing we need to track is the equations for the trapped modes of
the bulk theory. In flat space, we would identify these with 5D N = 1 hypermultiplets. This
again fits with the fact that in a perturbative IIA description the geometric interpretation
would be that of two 6-branes intersecting along a common curve.
Because of the restrictive nature of the differential form content, the “flavor symmetries”
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of the system, in tandem with the condition that we go only to quadratic order in the
fermions dictates the resulting equations for trapped 5D modes:
DA ? ψ(1) = [φSD, χSD] , (5.34)
DA χSD = [φSD, ψ(1)]. (5.35)
For example, in a local patch R4 ∼ C2 the analysis is basically identical to that presented
in reference [139], but instead of 6D hypermultiplets wrapped on a curve we have 5D hyper-
multiplets.
To analyze the contribution of these localized matter fields to the 3D effective field theory,
we now show how to incorporate localized matter on curves in this construction. We begin
with a 5D hypermultiplet which fills R2,1×Σmatt where Σmatt ⊂ XGUT is a Riemann surface.
The matter field is in a generalized bifundamental (in the usual sense of F-theory GUTs),
and we suppress this in what follows. Since the scalars of the hypermultiplet transform as
a doublet under the SU(2)I R-symmetry and the scalars are neutral, we learn that after
the twist, we have two superfields in conjugate representations which transform as doublets
in K
1/2
Σ , a spinor bundle on Σmatt. We note that because the matter curve is a Riemann
surface, we can always treat it as a complex curve, and count our modes in this way. We
also note that much as in other contexts, it may be necessary to switch on a background
flux from both the bulk and flavor branes to cancel all anomalies.
Labelling these superfields as Λc and Λ, we can also identify a coupling with the pullback
of the bulk gauge field onto the matter curve, as well as the pullback of the self-dual two-form:
WΣ =
∫
Σmatt
Λc(d+ AΣ)Λ + (Λ† · ΦΣ · Λ− Λc · ΦΣ · Λc†) . (5.36)
The contributions from matter fields modifies the conditions to have a 3D supersymmetric
vacuum. Displaying the corrections from just one matter curve (they are summed in the full
system of equations), the new supersymmetric vacuum conditions are now:
DAφSD + δΣ (Λ
c,Λ) = 0 , (5.37)
FSD + φSD × φSD + δΣ ∧ (〈Λ†,Λ〉 − 〈Λc,Λc†〉) = 0 . (5.38)
where we have introduced canonical pairings (·, ·) and 〈·, ·〉 associated with matter fields
valued in bundles K
1/2
Σ ⊗ U and its dual:
(·, ·) : (K1/2Σ ⊗ U∗)× (K1/2Σ ⊗ U)→
∧1
Σ
, (5.39)
〈·, ·〉 : (K1/2Σ ⊗ U∗)× (K1/2Σ ⊗ U)→
∧0
Σ
. (5.40)
They build up a triplet of moment maps for the 5D N = 1 hypermultiplet. In the curved
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space considered here, we view (·, ·) as a 1-form localized on Σmatt and 〈·, ·〉 as a zero-form
which canonically pairs with the volume form of the curve. Additionally, variation of the
matter fields trapped on curves produces the zero mode equations in the background of the
(pullback) of the bulk gauge field and self-dual two-form to the curve:
DA|ΣΛ + φ|Σ · Λc† = 0 and DA|Σ(Λc)† + φ|Σ · Λ† = 0. (5.41)
When φSD vanishes on the curve, the zero mode counting for localized modes is therefore
identical to what one has for standard F-theory GUTs [139].
Yukawa interactions between matter fields localized on curves can be obtained by starting
from the superpotential for bulk modes on the four-manifold, and then expanding to cubic
order in fluctuations about the background. This yields terms localized at points p of the
internal four-manifold of the schematic form:
WYuk = δp Λ
(1) · Λ(2) · Λ(3). (5.42)
5.3 Spectral Cover
Gauge theory on the 6-brane automatically generates a spectral cover construction. Here,
our Higgs fields are in the bundle of self-dual two-forms
∧2
SD → XGUT which specifies a local
G2 manifold! In this characterization, we have local coordinates u
i for the normal directions
and build the corresponding spectral cover by a polynomial in ui with coefficients given by
the Casimir invariants of Φ. For example, in the case of a 7D gauge theory with gauge group
SU(N), the spectral equation is:
det(ui − φi) = 0 (5.43)
in the obvious notation. This sweeps out a four-manifold in the local G2 space. See figure 2
for a depiction.
In matching to the bulk geometry where we expect a local model with a non-holomorphic
K3 fibration over a four-manifold, we can also see where this geometry fits into this picture.
There is a canonical construction of the twistor space Tw(XGUT) of XGUT by restricting to
unit norm self-dual two-forms, namely a six-manifold. We note that in the cases at hand,
we typically need to delete some locus from the four-manifold to produce the actual match
from the local to bulk dynamics. This in particular means that the twistor fibration comes
with a non-holomorphic section. This S2 fiber can then serve the role as the base of a
non-holomorphic K3 fibration.
In the 7D gauge theory, however, there is a clear sense in which the internal equations of
motion are classically scale invariant. This suggests a different compactification by identify-
ing all points of the normal coordinate ui up to real rescalings, namely an RP2 (an S2 with
an orientation reversing crosscap inserted). See figure 3 for a depiction.
In either case, we see that in both the global picture and the local picture, it is also natural
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Figure 2: Depiction of the spectral cover description obtained from 7D super-Yang–Mills
theory wrapped over a four-manifold XGUT, as governed by the Donaldson–Witten twist.
The total space is a non-compact G2 manifold given by the bundle of self-dual two-forms
over XGUT. Pairwise intersections lead to matter localized on Riemann surfaces and triple
intersections produce Yukawa couplings.
to view our spectral four-manifold as moving in an ambient six-manifold. In particular, this
means that when we consider intersections of XGUT in our six-manifold, the intersection
takes place over Riemann surfaces, and triple intersections take place over points in XGUT.
5.4 Specialization to 3D N = 2 Supersymmetry
It is also instructive to track what happens in the special case where we assume additional su-
persymmetry with the local geometry a Calabi–Yau fourfold and the four-manifold a Ka¨hler
surface SGUT. Then, we should expect a 3D N = 2 theory, with the internal gauge theory
governed by the Vafa–Witten twist. The first observation is that the fields now assemble into
(p, q)-differential forms of the complex manifold. In particular, we can now work in terms of
a (0, 1) connection for the gauge group, and the triplet of scalars decomposes to an adjoint
valued (2, 0)-form and a self-dual (1, 1) form on SGUT. The interpretation of the (1, 1) form
requires particular care.
For Ka¨hler manifolds the (2, 0) forms are self-dual and there is a distinguished self-dual
(1, 1) form proportional to the Ka¨hler class which we write as JS. Setting the Coulomb
branch scalar to zero, the supersymmetric vacuum conditions (5.21) – (5.23) now imply:
F(0,2) = 0 , (5.44)
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Figure 3: Depiction of the local model generated by gauge theory on a 6-brane wrapped
on a four-manifold XGUT = SGUT in the limit of 3D N = 2 supersymmetry (left) and its
generalization to 3D N = 1 supersymmetry (right). In the case of enhanced supersymmetry,
there is a local Calabi–Yau fourfold, and the moduli of the Spin(7) model correspond to
a real slice through these parameters. In the corresponding spectral cover construction,
this real slice amounts to a Z2 identification of two spectral covers with a fixed 5-cycle “at
infinity.” In the limit where the 6-brane sits on top of the Z2 invariant locus one obtains a
different twisted gauge theory on the four-manifold. The local geometry experienced by a
6-brane wrapped on such a four-manifold is an RP2 bundle over XGUT.
∂Aφ(2,0) = 0 , (5.45)
JS ∧ F(1,1) + i
2
[φ(2,0), φ
†
(0,2)] = 0 , (5.46)
which conforms with the supersymmetry variations for 7-branes wrapped on a Ka¨hler surface
as obtained in reference [139].
We can also see the geometric origin of the adjoint valued (1, 1)-form. Returning to our
discussion of the superpotential interaction of line (5.27), we observe that a Cayley four-form
can be constructed from the holomorphic four-form and the Ka¨hler form via (2.2):
ΩSpin(7) = Re(e
iθ ΩCY4) +
1
2
J ∧ J . (5.47)
The phase eiθ specifies an N = 1 subalgebra of the 3D N = 2 theory. Consider next local
variations of ΩCY4 . In the fourfold, these are given by a (3, 1)-form which we split into a piece
φ(a,b) on the Ka¨hler surface SGUT and a piece in the fiber directions, labelled by harmonic
forms ω(p,q):
δΩ(3,1) ∼ φ(2,0) ∧ ω(1,1). (5.48)
27
In a Spin(7) manifold, this cannot be disentangled from variations of J ∧ J :
δ(J ∧ J) ∼ φ(1,1) ∧ ω(1,1). (5.49)
Indeed, the φ(2,0), its conjugate φ
†
(0,2) along with φ(1,1) combine to form the triplet of anti-
self-dual three-forms on XGUT.
We can also ask how to match the corresponding spectral cover constructions of the two
models. In the 3D N = 2 case, the local geometry experienced by the 7D super-Yang–Mills
theory is O(KS)→ SGUT. As already remarked, the local spectral cover construction in the
generic N = 1 case is the bundle of self-dual two-forms over SGUT. What we are doing is
performing a projection down along one of the rays of this 7D geometry to reach the local
Calabi–Yau threefold. From this perspective, the branes in O(KS)→ SGUT appear to come
in pairs, which are to be identified under a Z2 involution as dictated by the choice of reality
condition in line (5.47). To accomplish this projection whilst retaining the local Calabi–Yau
threefold geometry we wrap – in perturbative Type IIB terminology – an O5-plane on the
five-cycle given by SGUT×S1, where the S1 is the circle “at infinity” in the normal direction
of O(KS) → SGUT. The geometry is thus better viewed as an RP2 bundle over XGUT, in
accord with our earlier remarks on the spectral cover construction.
We label these as a 6-brane and its image 6˜-brane. Note also that there are three sets
of modes parameterizing the motion of the 6-brane in the Calabi–Yau geometry, with form
content dictated by the topological twist:
6− 6 strings: adjoint valued (2,0)-form,
6˜− 6˜ strings: adjoint valued (0,2)-form,
6− 6˜ strings: adjoint valued (1,1)-form.
(5.50)
While the first two sets of modes are massless in the 3D N = 2 theory, the last set is massive
and is integrated out. Observe, however, that in the special limit where the 6-brane and
6˜-brane coincide, this additional mode becomes massless, in accord with the mode content
dictated by the 3D N = 1 theory. See figure 3 for a depiction of this geometry.
6 4D F-theory Lift
Let us now turn to the 4D physics associated with F-theory compactified on this local Spin(7)
geometry. As already mentioned, the key link between the M-theory and F-theory pictures
is that we exploit the exact duality between the level N WZW models on S3/ZN and S3. In
particular, if we start with a 3D effective theory on Rtime × S2, this should really be viewed
as a projection onto the untwisted sector of the full model. To capture this additional data,
we need to find a way to incorporate all of the twisted sectors of the S3/ZN model, or
equivalently its abelian T-dual description as an S3.
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At a pragmatic level we need to track the fate of our various 3D fields as we attempt
to lift them to 4D fields. To begin, consider a 3D vector field on the spacetime Rtime × S2.
Clearly, we extend it to depend on the S1 Hopf fiber of the full S3. Doing so, all 3D fields
are automatically promoted to a 4D vector field on Rtime × S3. So, we summarize this by
the schematic substitution:
A3D(xS2 , xGUT)→ A4D(xS2 , xS1 , xGUT) . (6.1)
Consider next the lift of the 3D N = 1 vector multiplet. We have the original 3D gaugino,
so the natural guess is that this will turn into a 4D Weyl fermion. This indeed is what we
ought to expect from acting with all the isometries of the S3 on our field. Perhaps more
directly, we note that in equation (6.1), we have picked up another component to the gauge
field. Splitting these as A4D ∼ A3D ⊕ A⊥, we can treat A⊥ as the scalar component of its
own 3D N = 1 multiplet. This in turn means that we have identified another 3D spinor.
These two spinors combine to produce a single 4D Weyl spinor.
Similar considerations hold for the real scalar multiplets. Indeed, observe that in the
absence of Chern-Simons terms, we can dualize a scalar to a vector field. Then, the analysis
just presented for vector fields applies and we pick up an additional set of partners. That is
to say, the 4D lift will produce another real degree of freedom and another 3D spinor. Of
course, from a 4D perspective, we are not free to dualize the original real scalar to a 4D
vector. This in particular means that the 4D lift must be packaged in terms of a complex
scalar, so we get the same degrees of freedom as a 4D N = 1 chiral multiplet. We note
that similar subtleties apply even in “ordinary” circle compactifications of F-theory to 3D
M-theory models, as in reference [177].
The one caveat in this sort of analysis is that it could be that these lifts are not indepen-
dent of one another. For example, in the case of a 4D N = 1 theory reduced on a (flat) circle
to a 3D N = 2 theory, the Coulomb branch scalar of the vector multiplet can alternatively
be viewed as its own 3D N = 1 multiplet. These subtleties are simple to identify, however,
because the only candidate scalars where this could occur must transform in the adjoint
representation of the gauge group.
Putting this together, we see that in the analysis of the previous section, the configu-
ration of intersecting 6-branes will automatically produce the field content expected from
a configuration of intersecting 7-branes with N = 1 supersymmetry. In particular, if we
attempt to engineer the Standard Model on such a configuration, we should also expect all
of the standard superpartners of the MSSM.
That being said, though the field content is the same as anN = 1 supersymmetric theory,
the actual interactions will definitely violate N = 1 supersymmetry. This is quite apparent
in the 3D N = 1 theory where standard 4D flat space considerations such as holomorphy do
not exist. It is thus better to view our theories as having “N = 1/2 supersymmetry.”8 As
8There is an unfortunate clash of terminology with that of reference [178] which introduced a notion of half
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we have already remarked several times, supersymmetry is completely broken for all finite
energy excitations.
From the perspective of F-theory compactification, however, this at first presents a puzzle.
Recall that in supersymmetric compactifications of F-theory, we identify each component of
the discriminant locus with a 7-brane gauge theory, namely 8D super-Yang–Mills theory
wrapped on divisors of the base and filling our spacetime. In 8D super-Yang–Mills, the
bosonic sector includes an 8D gauge boson and two real scalars. The above lift to include
the twisted sectors produces an 8D gauge boson, but also includes a triplet of real scalars,
not a pair of scalars. Somehow we have wound up with one more scalar than in 8D super-
Yang–Mills!
The key point is that in situations with such low supersymmetry and such low dimension,
the intuition of more (super)symmetric situations can fail. Returning to our discussion near
line (5.49), we already observed that there is another mode from the variation of J ∧ J :
δ(J ∧ J) = φ(1,1) ∧ ω(1,1). (6.2)
This additional mode from φ(1,1) cannot be decoupled from the other localized modes of
the 7-brane. Indeed, as we have already remarked in section 5.4, the non-holomorphic
K3 fibration should really be viewed as defining a configuration of 7-branes and its anti-
holomorphic image. The additional 7− 7˜ string is this (1, 1)-form.
6.1 Backreaction and N = 1→ N = 1/2 Breaking
The considerations in the previous sections already provide strong evidence that there is
no a priori obstruction to realizing F-theory backgrounds with Spin(7) manifolds. That
being said, for the purposes of model building one would like to make use of the extensive
literature now available in realizing particle physics models in F-theory (for early reviews
see references [141,142]).
It is beyond the scope of the present work to build a complete phenomenology. Indeed,
we have already reviewed the state of the art for constructing Spin(7) manifolds in section
2. We anticipate that the spectral cover construction presented in section 5 will provide the
requisite tools to start constructing and analyzing these geometries.
With this in mind, our aim in this subsection we will be somewhat more modest. We shall
ask whether we can identify the appropriate ingredients of 4D N = 1 models and how they
are modified in going from F-theory on a Calabi–Yau fourfold to a Spin(7) manifold. An
additional byproduct of our analysis is that it can clearly accommodate the particle physics
sector of an F-theory GUT model of the kind introduced in [139,140].
To begin, we consider F-theory on an elliptically fibered Calabi–Yau fourfold Y → B
supersymmetry upon making the Grassmann coordinates of superspace have non-trivial anti-commutators.
The two notions are not related.
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with B a Ka¨hler threefold base. This is described by a Weierstrass model of the form:
y2 = x3 + fx+ g, (6.3)
with f and g respectively sections of K−4B and K
−6
B . The discriminant:
∆ = 4f 3 + 27g2 (6.4)
indicates much of the physical data of an F-theory model. A component of the vanishing
locus of the discriminant (∆ = 0) indicates the location of Ka¨hler surfaces wrapped by 7-
branes. Collisions of these components indicate localized matter on complex curves and
triple intersections indicate the locations of Yukawa couplings.
In a local model, we assume that we have a GUT group localized on a contractible Ka¨hler
surface SGUT. The local geometry in the neighborhood of this 7-brane takes the form of a
non-compact Calabi–Yau fourfold (really a log-Calabi–Yau space see e.g. [179]) dictated by
a dP9 fibration over SGUT:
dP9 CY
local
4
SGUT
. (6.5)
The dP9 is itself an elliptically fibered surface, and degenerations in the elliptic fibration
produce the requisite gauge group, matter content and Yukawa couplings in the local patch.
Now, if we treat both the fiber and base as compact, we discover that the total space
will not be Calabi–Yau. Rather, the candidate holomorphic four-form will have a pole along
a divisor. This divisor is an elliptically fibered Calabi–Yau threefold CYHet3 with base SGUT.
Deleting this threefold from the geometry, we reach a non-compact log-Calabi–Yau space.
The reason for the superscript is that in compact models which admit a stable degeneration
limit, this threefold is to be identified with a dual heterotic Calabi–Yau threefold. Here, we
shall remain agnostic as to the existence of a global heterotic dual.
The asymptotic behavior of the Calabi–Yau metric near this deleted region takes the
form of an asymptotic cylindrical region (see e.g. [180–182]) with this CYHet3 fibered over a
cylinder:
CYHet3
S1 × R⊥
, (6.6)
in the obvious notation. See figure 4 for a depiction of the local geometry in this cylindrical
region. A very important feature of this local construction is that the only components of
the discriminant locus which appear in this cylindrical region are associated with I1 fibers
which are associated with the presence of perturbative D7-branes. In particular, no non-
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<latexit sha1_base64="ijclQHbMgKOn4+xnNJ+ uhWXfAvM=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEI4qEkIuix4EGPFZu20ISy2U7apZsPdidiCf0bXj wo4tU/481/47bNQVtfWHh4Z4aZfYNUCo22/W2trK6tb2yWtsrbO7t7+5WDw5ZOMsXB5YlMVCdgGqSIwU WBEjqpAhYFEtrB6GZabz+C0iKJmzhOwY/YIBah4AyN5T30PIQnzG/d5qRXqdo1eya6DE4BVVKo0at8ef2 EZxHEyCXTuuvYKfo5Uyi4hEnZyzSkjI/YALoGYxaB9vPZzRN6apw+DRNlXox05v6eyFmk9TgKTGfEcKgX a1Pzv1o3w/Daz0WcZggxny8KM0kxodMAaF8o4CjHBhhXwtxK+ZApxtHEVDYhOItfXobWRc0xfH9ZrZ8X cZTIMTkhZ8QhV6RO7kiDuISTlDyTV/JmZdaL9W59zFtXrGLmiPyR9fkDBQmRlQ==</latexit><latexit sha1_base64="ijclQHbMgKOn4+xnNJ+ uhWXfAvM=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEI4qEkIuix4EGPFZu20ISy2U7apZsPdidiCf0bXj wo4tU/481/47bNQVtfWHh4Z4aZfYNUCo22/W2trK6tb2yWtsrbO7t7+5WDw5ZOMsXB5YlMVCdgGqSIwU WBEjqpAhYFEtrB6GZabz+C0iKJmzhOwY/YIBah4AyN5T30PIQnzG/d5qRXqdo1eya6DE4BVVKo0at8ef2 EZxHEyCXTuuvYKfo5Uyi4hEnZyzSkjI/YALoGYxaB9vPZzRN6apw+DRNlXox05v6eyFmk9TgKTGfEcKgX a1Pzv1o3w/Daz0WcZggxny8KM0kxodMAaF8o4CjHBhhXwtxK+ZApxtHEVDYhOItfXobWRc0xfH9ZrZ8X cZTIMTkhZ8QhV6RO7kiDuISTlDyTV/JmZdaL9W59zFtXrGLmiPyR9fkDBQmRlQ==</latexit><latexit sha1_base64="ijclQHbMgKOn4+xnNJ+ uhWXfAvM=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEI4qEkIuix4EGPFZu20ISy2U7apZsPdidiCf0bXj wo4tU/481/47bNQVtfWHh4Z4aZfYNUCo22/W2trK6tb2yWtsrbO7t7+5WDw5ZOMsXB5YlMVCdgGqSIwU WBEjqpAhYFEtrB6GZabz+C0iKJmzhOwY/YIBah4AyN5T30PIQnzG/d5qRXqdo1eya6DE4BVVKo0at8ef2 EZxHEyCXTuuvYKfo5Uyi4hEnZyzSkjI/YALoGYxaB9vPZzRN6apw+DRNlXox05v6eyFmk9TgKTGfEcKgX a1Pzv1o3w/Daz0WcZggxny8KM0kxodMAaF8o4CjHBhhXwtxK+ZApxtHEVDYhOItfXobWRc0xfH9ZrZ8X cZTIMTkhZ8QhV6RO7kiDuISTlDyTV/JmZdaL9W59zFtXrGLmiPyR9fkDBQmRlQ==</latexit><latexit sha1_base64="ijclQHbMgKOn4+xnNJ+ uhWXfAvM=">AAAB83icbZBNS8NAEIY3ftb6VfXoZbEI4qEkIuix4EGPFZu20ISy2U7apZsPdidiCf0bXj wo4tU/481/47bNQVtfWHh4Z4aZfYNUCo22/W2trK6tb2yWtsrbO7t7+5WDw5ZOMsXB5YlMVCdgGqSIwU WBEjqpAhYFEtrB6GZabz+C0iKJmzhOwY/YIBah4AyN5T30PIQnzG/d5qRXqdo1eya6DE4BVVKo0at8ef2 EZxHEyCXTuuvYKfo5Uyi4hEnZyzSkjI/YALoGYxaB9vPZzRN6apw+DRNlXox05v6eyFmk9TgKTGfEcKgX a1Pzv1o3w/Daz0WcZggxny8KM0kxodMAaF8o4CjHBhhXwtxK+ZApxtHEVDYhOItfXobWRc0xfH9ZrZ8X cZTIMTkhZ8QhV6RO7kiDuISTlDyTV/JmZdaL9W59zFtXrGLmiPyR9fkDBQmRlQ==</latexit>
T 2
<latexit sha1_base64="0SxgYWm+UNzjz0cR rjgzYDRABAo=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJFEA9ltwh6LHjxWLGthXYt2TTbhmaz SzIrlKU/wYsHRbz6i7z5b0zbPWjrC4GHd2bIzBskUhh03W+nsLa+sblV3C7t7O7tH5QPj9omTjX jLRbLWHcCargUirdQoOSdRHMaBZI/BOObWf3hiWsjYtXEScL9iA6VCAWjaK375mOtX664VXcus gpeDhXI1eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a1HRiBs/m686JWfWGZAw1vYp JHP390RGI2MmUWA7I4ojs1ybmf/VuimG134mVJIiV2zxUZhKgjGZ3U0GQnOGcmKBMi3sroSNqK YMbTolG4K3fPIqtGtVz/LdZaV+kcdRhBM4hXPw4ArqcAsNaAGDITzDK7w50nlx3p2PRWvByWeO4 Y+czx/Nko1k</latexit><latexit sha1_base64="0SxgYWm+UNzjz0cR rjgzYDRABAo=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJFEA9ltwh6LHjxWLGthXYt2TTbhmaz SzIrlKU/wYsHRbz6i7z5b0zbPWjrC4GHd2bIzBskUhh03W+nsLa+sblV3C7t7O7tH5QPj9omTjX jLRbLWHcCargUirdQoOSdRHMaBZI/BOObWf3hiWsjYtXEScL9iA6VCAWjaK375mOtX664VXcus gpeDhXI1eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a1HRiBs/m686JWfWGZAw1vYp JHP390RGI2MmUWA7I4ojs1ybmf/VuimG134mVJIiV2zxUZhKgjGZ3U0GQnOGcmKBMi3sroSNqK YMbTolG4K3fPIqtGtVz/LdZaV+kcdRhBM4hXPw4ArqcAsNaAGDITzDK7w50nlx3p2PRWvByWeO4 Y+czx/Nko1k</latexit><latexit sha1_base64="0SxgYWm+UNzjz0cR rjgzYDRABAo=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJFEA9ltwh6LHjxWLGthXYt2TTbhmaz SzIrlKU/wYsHRbz6i7z5b0zbPWjrC4GHd2bIzBskUhh03W+nsLa+sblV3C7t7O7tH5QPj9omTjX jLRbLWHcCargUirdQoOSdRHMaBZI/BOObWf3hiWsjYtXEScL9iA6VCAWjaK375mOtX664VXcus gpeDhXI1eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a1HRiBs/m686JWfWGZAw1vYp JHP390RGI2MmUWA7I4ojs1ybmf/VuimG134mVJIiV2zxUZhKgjGZ3U0GQnOGcmKBMi3sroSNqK YMbTolG4K3fPIqtGtVz/LdZaV+kcdRhBM4hXPw4ArqcAsNaAGDITzDK7w50nlx3p2PRWvByWeO4 Y+czx/Nko1k</latexit><latexit sha1_base64="0SxgYWm+UNzjz0cR rjgzYDRABAo=">AAAB6nicbZBNSwMxEIZn61etX1WPXoJFEA9ltwh6LHjxWLGthXYt2TTbhmaz SzIrlKU/wYsHRbz6i7z5b0zbPWjrC4GHd2bIzBskUhh03W+nsLa+sblV3C7t7O7tH5QPj9omTjX jLRbLWHcCargUirdQoOSdRHMaBZI/BOObWf3hiWsjYtXEScL9iA6VCAWjaK375mOtX664VXcus gpeDhXI1eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a1HRiBs/m686JWfWGZAw1vYp JHP390RGI2MmUWA7I4ojs1ybmf/VuimG134mVJIiV2zxUZhKgjGZ3U0GQnOGcmKBMi3sroSNqK YMbTolG4K3fPIqtGtVz/LdZaV+kcdRhBM4hXPw4ArqcAsNaAGDITzDK7w50nlx3p2PRWvByWeO4 Y+czx/Nko1k</latexit>}
<latexit sha1_base64="Yzhf9h3XTx7w6mxeTEqeAITdjcY=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tFEA8lEUGPBS8eK9gPaELZbCft0s0m7E6EWvpLvHhQxKs/xZv/xm2bg7a+sPDwzgwz+0aZFAY979tZW9/Y3Nou7ZR39/YPKu7hUcukuebQ5KlMdSdiBqRQ0ESBEjqZBpZEEtrR6HZWbz+CNiJVDzjOIEzYQIlYcIbW6rmVQEKMNRpoMRhiMO25Va/mzUVXwS+gSgo1eu5X0E95noBCLpkxXd/LMJwwjYJLmJaD3EDG+IgNoGtRsQRMOJkfPqVn1unTONX2KaRz9/fEhCXGjJPIdiYMh2a5NjP/q3VzjG/CiVBZjqD4YlGcS4opnaVA+0IDRzm2wLgW9lbKh0wzjjarsg3BX/7yKrQua77l+6tq/aKIo0ROyCk5Jz65JnVyRxqkSTjJyTN5JW/Ok/PivDsfi9Y1p5g5Jn/kfP4AX2iS0Q==</latexit> <latexit sha1_base64="Yzhf9h3XTx7w6mxeTEqeAITdjcY=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tFEA8lEUGPBS8eK9gPaELZbCft0s0m7E6EWvpLvHhQxKs/xZv/xm2bg7a+sPDwzgwz+0aZFAY979tZW9/Y3Nou7ZR39/YPKu7hUcukuebQ5KlMdSdiBqRQ0ESBEjqZBpZEEtrR6HZWbz+CNiJVDzjOIEzYQIlYcIbW6rmVQEKMNRpoMRhiMO25Va/mzUVXwS+gSgo1eu5X0E95noBCLpkxXd/LMJwwjYJLmJaD3EDG+IgNoGtRsQRMOJkfPqVn1unTONX2KaRz9/fEhCXGjJPIdiYMh2a5NjP/q3VzjG/CiVBZjqD4YlGcS4opnaVA+0IDRzm2wLgW9lbKh0wzjjarsg3BX/7yKrQua77l+6tq/aKIo0ROyCk5Jz65JnVyRxqkSTjJyTN5JW/Ok/PivDsfi9Y1p5g5Jn/kfP4AX2iS0Q==</latexit> <latexit sha1_base64="Yzhf9h3XTx7w6mxeTEqeAITdjcY=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tFEA8lEUGPBS8eK9gPaELZbCft0s0m7E6EWvpLvHhQxKs/xZv/xm2bg7a+sPDwzgwz+0aZFAY979tZW9/Y3Nou7ZR39/YPKu7hUcukuebQ5KlMdSdiBqRQ0ESBEjqZBpZEEtrR6HZWbz+CNiJVDzjOIEzYQIlYcIbW6rmVQEKMNRpoMRhiMO25Va/mzUVXwS+gSgo1eu5X0E95noBCLpkxXd/LMJwwjYJLmJaD3EDG+IgNoGtRsQRMOJkfPqVn1unTONX2KaRz9/fEhCXGjJPIdiYMh2a5NjP/q3VzjG/CiVBZjqD4YlGcS4opnaVA+0IDRzm2wLgW9lbKh0wzjjarsg3BX/7yKrQua77l+6tq/aKIo0ROyCk5Jz65JnVyRxqkSTjJyTN5JW/Ok/PivDsfi9Y1p5g5Jn/kfP4AX2iS0Q==</latexit> <latexit sha1_base64="Yzhf9h3XTx7w6mxeTEqeAITdjcY=">AAAB+HicbZBNS8NAEIY3ftb60ahHL4tFEA8lEUGPBS8eK9gPaELZbCft0s0m7E6EWvpLvHhQxKs/xZv/xm2bg7a+sPDwzgwz+0aZFAY979tZW9/Y3Nou7ZR39/YPKu7hUcukuebQ5KlMdSdiBqRQ0ESBEjqZBpZEEtrR6HZWbz+CNiJVDzjOIEzYQIlYcIbW6rmVQEKMNRpoMRhiMO25Va/mzUVXwS+gSgo1eu5X0E95noBCLpkxXd/LMJwwjYJLmJaD3EDG+IgNoGtRsQRMOJkfPqVn1unTONX2KaRz9/fEhCXGjJPIdiYMh2a5NjP/q3VzjG/CiVBZjqD4YlGcS4opnaVA+0IDRzm2wLgW9lbKh0wzjjarsg3BX/7yKrQua77l+6tq/aKIo0ROyCk5Jz65JnVyRxqkSTjJyTN5JW/Ok/PivDsfi9Y1p5g5Jn/kfP4AX2iS0Q==</latexit>
CYHet3
<latexit sha1_base64="rWNwAttHteXJ 4NhDho297I2jtxI=">AAAB/3icbZC7SgNBFIZn4y3GW1SwsVkMgliEXRW0DKRJGcFc JFmX2cnZZMjshZmzYlhT+Co2ForY+hp2vo2TZAtN/GHg4z/ncM78Xiy4Qsv6NnJLyy ura/n1wsbm1vZOcXevqaJEMmiwSESy7VEFgofQQI4C2rEEGngCWt6wOqm37kEqHoU3 OIrBCWg/5D5nFLXlFg+6CA+YVm/H7vndjGuAY7dYssrWVOYi2BmUSKa6W/zq9iKWBB AiE1Spjm3F6KRUImcCxoVuoiCmbEj70NEY0gCUk07vH5vH2umZfiT1C9Gcur8nUhooN Qo83RlQHKj52sT8r9ZJ0L9yUh7GCULIZov8RJgYmZMwzB6XwFCMNFAmub7VZAMqKUM dWUGHYM9/eRGaZ2Vb8/VFqXKaxZEnh+SInBCbXJIKqZE6aRBGHskzeSVvxpPxYrwbH 7PWnJHN7JM/Mj5/AHkdlk4=</latexit><latexit sha1_base64="rWNwAttHteXJ 4NhDho297I2jtxI=">AAAB/3icbZC7SgNBFIZn4y3GW1SwsVkMgliEXRW0DKRJGcFc JFmX2cnZZMjshZmzYlhT+Co2ForY+hp2vo2TZAtN/GHg4z/ncM78Xiy4Qsv6NnJLyy ura/n1wsbm1vZOcXevqaJEMmiwSESy7VEFgofQQI4C2rEEGngCWt6wOqm37kEqHoU3 OIrBCWg/5D5nFLXlFg+6CA+YVm/H7vndjGuAY7dYssrWVOYi2BmUSKa6W/zq9iKWBB AiE1Spjm3F6KRUImcCxoVuoiCmbEj70NEY0gCUk07vH5vH2umZfiT1C9Gcur8nUhooN Qo83RlQHKj52sT8r9ZJ0L9yUh7GCULIZov8RJgYmZMwzB6XwFCMNFAmub7VZAMqKUM dWUGHYM9/eRGaZ2Vb8/VFqXKaxZEnh+SInBCbXJIKqZE6aRBGHskzeSVvxpPxYrwbH 7PWnJHN7JM/Mj5/AHkdlk4=</latexit><latexit sha1_base64="rWNwAttHteXJ 4NhDho297I2jtxI=">AAAB/3icbZC7SgNBFIZn4y3GW1SwsVkMgliEXRW0DKRJGcFc JFmX2cnZZMjshZmzYlhT+Co2ForY+hp2vo2TZAtN/GHg4z/ncM78Xiy4Qsv6NnJLyy ura/n1wsbm1vZOcXevqaJEMmiwSESy7VEFgofQQI4C2rEEGngCWt6wOqm37kEqHoU3 OIrBCWg/5D5nFLXlFg+6CA+YVm/H7vndjGuAY7dYssrWVOYi2BmUSKa6W/zq9iKWBB AiE1Spjm3F6KRUImcCxoVuoiCmbEj70NEY0gCUk07vH5vH2umZfiT1C9Gcur8nUhooN Qo83RlQHKj52sT8r9ZJ0L9yUh7GCULIZov8RJgYmZMwzB6XwFCMNFAmub7VZAMqKUM dWUGHYM9/eRGaZ2Vb8/VFqXKaxZEnh+SInBCbXJIKqZE6aRBGHskzeSVvxpPxYrwbH 7PWnJHN7JM/Mj5/AHkdlk4=</latexit><latexit sha1_base64="rWNwAttHteXJ 4NhDho297I2jtxI=">AAAB/3icbZC7SgNBFIZn4y3GW1SwsVkMgliEXRW0DKRJGcFc JFmX2cnZZMjshZmzYlhT+Co2ForY+hp2vo2TZAtN/GHg4z/ncM78Xiy4Qsv6NnJLyy ura/n1wsbm1vZOcXevqaJEMmiwSESy7VEFgofQQI4C2rEEGngCWt6wOqm37kEqHoU3 OIrBCWg/5D5nFLXlFg+6CA+YVm/H7vndjGuAY7dYssrWVOYi2BmUSKa6W/zq9iKWBB AiE1Spjm3F6KRUImcCxoVuoiCmbEj70NEY0gCUk07vH5vH2umZfiT1C9Gcur8nUhooN Qo83RlQHKj52sT8r9ZJ0L9yUh7GCULIZov8RJgYmZMwzB6XwFCMNFAmub7VZAMqKUM dWUGHYM9/eRGaZ2Vb8/VFqXKaxZEnh+SInBCbXJIKqZE6aRBGHskzeSVvxpPxYrwbH 7PWnJHN7JM/Mj5/AHkdlk4=</latexit>
bulk CY4
<latexit sha1_base64="b+geAh 6XN8oifvMwMxLnTtj5+Lo=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8 FWEBdlpgi6LHTjsoK9yHQomTTThmaSIckIZehjuHGhiFufxp1vY9rO Qlt/CHz85xxyzh8mnGnjut9OYWNza3unuFva2z84PCofn3S0TBWhbSK 5VL0Qa8qZoG3DDKe9RFEch5x2w0lzXu8+UaWZFA9mmtAgxiPBIkaws ZYfpnyCmo/VwXV1UK64NXchtA5eDhXI1RqUv/pDSdKYCkM41tr33MQ EGVaGEU5npX6qaYLJBI+ob1HgmOogW6w8QxfWGaJIKvuEQQv390SGY6 2ncWg7Y2zGerU2N/+r+amJboOMiSQ1VJDlR1HKkZFofj8aMkWJ4VML mChmd0VkjBUmxqZUsiF4qyevQ6de8yzf1yuNqzyOIpzBOVyCBzfQgD toQRsISHiGV3hzjPPivDsfy9aCk8+cwh85nz+hwpAT</latexit><latexit sha1_base64="b+geAh 6XN8oifvMwMxLnTtj5+Lo=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8 FWEBdlpgi6LHTjsoK9yHQomTTThmaSIckIZehjuHGhiFufxp1vY9rO Qlt/CHz85xxyzh8mnGnjut9OYWNza3unuFva2z84PCofn3S0TBWhbSK 5VL0Qa8qZoG3DDKe9RFEch5x2w0lzXu8+UaWZFA9mmtAgxiPBIkaws ZYfpnyCmo/VwXV1UK64NXchtA5eDhXI1RqUv/pDSdKYCkM41tr33MQ EGVaGEU5npX6qaYLJBI+ob1HgmOogW6w8QxfWGaJIKvuEQQv390SGY6 2ncWg7Y2zGerU2N/+r+amJboOMiSQ1VJDlR1HKkZFofj8aMkWJ4VML mChmd0VkjBUmxqZUsiF4qyevQ6de8yzf1yuNqzyOIpzBOVyCBzfQgD toQRsISHiGV3hzjPPivDsfy9aCk8+cwh85nz+hwpAT</latexit><latexit sha1_base64="b+geAh 6XN8oifvMwMxLnTtj5+Lo=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8 FWEBdlpgi6LHTjsoK9yHQomTTThmaSIckIZehjuHGhiFufxp1vY9rO Qlt/CHz85xxyzh8mnGnjut9OYWNza3unuFva2z84PCofn3S0TBWhbSK 5VL0Qa8qZoG3DDKe9RFEch5x2w0lzXu8+UaWZFA9mmtAgxiPBIkaws ZYfpnyCmo/VwXV1UK64NXchtA5eDhXI1RqUv/pDSdKYCkM41tr33MQ EGVaGEU5npX6qaYLJBI+ob1HgmOogW6w8QxfWGaJIKvuEQQv390SGY6 2ncWg7Y2zGerU2N/+r+amJboOMiSQ1VJDlR1HKkZFofj8aMkWJ4VML mChmd0VkjBUmxqZUsiF4qyevQ6de8yzf1yuNqzyOIpzBOVyCBzfQgD toQRsISHiGV3hzjPPivDsfy9aCk8+cwh85nz+hwpAT</latexit><latexit sha1_base64="b+geAh 6XN8oifvMwMxLnTtj5+Lo=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8 FWEBdlpgi6LHTjsoK9yHQomTTThmaSIckIZehjuHGhiFufxp1vY9rO Qlt/CHz85xxyzh8mnGnjut9OYWNza3unuFva2z84PCofn3S0TBWhbSK 5VL0Qa8qZoG3DDKe9RFEch5x2w0lzXu8+UaWZFA9mmtAgxiPBIkaws ZYfpnyCmo/VwXV1UK64NXchtA5eDhXI1RqUv/pDSdKYCkM41tr33MQ EGVaGEU5npX6qaYLJBI+ob1HgmOogW6w8QxfWGaJIKvuEQQv390SGY6 2ncWg7Y2zGerU2N/+r+amJboOMiSQ1VJDlR1HKkZFofj8aMkWJ4VML mChmd0VkjBUmxqZUsiF4qyevQ6de8yzf1yuNqzyOIpzBOVyCBzfQgD toQRsISHiGV3hzjPPivDsfy9aCk8+cwh85nz+hwpAT</latexit>
Rtime ⇥ S3 ⇥
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Figure 4: Depiction of the proposed physical construction of Spin(7) manifolds using ellipti-
cally fibered Calabi–Yau fourfold building blocks, glued along a CYHet3 in an asymptotically
cylindrical region. In the Type IIB picture, we wrap NS5-branes on a local 5-cycle SGUT×S1,
which is stable against perturbations because of a running dilaton profile. After taking into
account backreaction, the NS5-branes dissolve into flux, leaving behind a Spin(7) geometry
with a fluxed S3 in the 4D spacetime.
perturbative branes “leak out” into this region. Denoting the local coordinate on the R⊥
factor by x⊥, the main idea is that in the region x⊥ → −∞ we attach to the original particle
physics sector, and in the region x⊥ → +∞ we instead glue into the rest of a compact
fourfold. Doing so, we would produce a 4D N = 1 theory in flat space.
We now ask what happens when we wrap NS5-branes of Type IIB string theory over the
5-cycle SGUT × S1 defined by the cylindrical region of line (6.6). For specificity, we place
them in the region x⊥ →∞ of the R⊥ factor.
In the original 4D geometry, these branes sit at some marked point of space, and fill the
temporal direction Rtime. First of all, we note that in this local geometry, there is indeed a
supersymmetric 5-cycle available to us, so the resulting configuration will break half of the
original supersymmetry, leaving us with two real supercharges. In the compact model with
base a Ka¨hler threefold, we do not expect to generically have such 5-cycles. However, we
ought to remember that the presence of these NS5-branes also lead to a throatlike region
where the dilaton will appear to become quite large. This in particular means that the
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5-brane is locally stable against “slipping off” into the bulk of the Calabi–Yau fourfold.
Turning the discussion around, we also see that because there are no homologically non-
trivial 5-cycles in the compact base, there is also no Gauss’ law constraint on these 5-branes.
This is similar in spirit to the mismatch between local and global homology cycles [183–185].
In perturbative Type IIB terms, the appearance of a running dilaton is actually crucial.
Recall that in our discussion of the WZW model near line (3.5), we had a mild deficit in
the central charge δc = 6/(N + 2), as well as a fluxed three-sphere. The appearance of the
NS5-branes is the most straightforward way to get a fluxed S3 with a running dilaton. Going
to a slightly sub-critical dimension just means the NS5-brane picks up a small thickness.
With these caveats dealt with, let us now turn to the near horizon geometry in the
presence of our NS5-branes. The directions transverse to the NS5-brane include the R3space×
R⊥ directions. Out of these, we see that there is a local throat region with an S3 factor.
One can view this as being generated by smearing the NS5-branes over these directions.
This smearing is really a shortcut for understanding the effects of backreaction of the brane
solution on the full geometry. Indeed, the near horizon geometry of NS5-branes has already
been worked out in reference [162] so we can simply adapt the relevant results to the present
case. We use notation as in the excellent review in the Appendix of reference [116]. After
taking into account the effects of backreaction, we expect a local geometry with a Rtime×S3
factor and with local dilaton profile in the internal directions:
log Im τIIB ∼ x⊥/√q, (6.7)
for q a constant set by the worldsheet beta function for the WZW model. Note that in
these sorts of solutions, there are inevitably regions where the dilaton will blow up. Here,
we can appeal to an S-dual frame. At a more pragmatic level, we can also simply cut off
the profile of the dilaton, and appeal to the existence of a suitable smoothing of the full
backreacted geometry. We leave this point for additional analysis. Let us note that in the
10D analysis of the Killing spinor equations presented in Appendix A, we also need to assume
a suitable profile for the dilaton in the internal directions. Again, the simplest possibility is
a contribution from the backreacted limit of 5-branes.
Finally, there is a non-zero H-flux threading the S3 given by the condition:
1
2pi
∫
S3
H = 2piN and d ? (Im τIIB H) = 0. (6.8)
Here, we must assume that after backreaction, the original branes have dissolved into flux and
deform the original geometry. There is essentially only one candidate available compatible
with the appearance of an Rtime×S3 factor with two real supercharges: The internal directions
of the candidate F-theory model must be a Spin(7) manifold! It would clearly be interesting
to analyze the resulting asymptotic metrics, perhaps along the lines of [130,131,133].
Before closing this section, let us also comment on the relation of these N = 1 building
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blocks to those of the GCS construction of Spin(7) manifolds given in [127]. In reference
[127], the crucial ingredient of one example involves a further specialization of CYHet3 to
the Schoen manifold. This can be viewed as a T 4 fibration over a P1GCS. In the GCS
construction, one performs surgery using this P1GCS factor rather than the cylindrical region
we have instead used. Indeed, in the GCS construction, we have 7-branes wrapping the full
P1GCS which would clearly clash with the presence of NS5-branes. It would be interesting to
see whether our starting point can be used to produce additional GCS-like constructions of
Spin(7) manifolds.
7 Closed String Sector
In this section we study some aspects of the closed string sector. This includes both the
reduction of the higher-dimensional metric as well as all p-forms and their superpartners.
The gravitational sector for M-theory on Calabi–Yau fivefolds has been considered in [186],
and a related analysis has also been performed in reference [187]. For the most part, this
analysis goes through unchanged in the present case. Additionally, determining the general
structure of the effective quantum mechanics will be complicated by contributions from fluxes
and instantons. On the flip side, because of the low amount of supersymmetry, many moduli
should automatically be stabilized.
Putting aside these model dependent issues, there is a universal closed string modulus
which is certainly important to the evolution of the Universe and figures prominently in
the quantum evolution of our system: It is the scale factor of the FRW Universe! Indeed,
focussing on the 4D spacetime, we have found a solution which is essentially the Einstein
static Universe but with an exotic form of stress energy. A curious feature of the standard
Einstein static Universe is that it is actually unstable against small perturbations: The
spacetime will classically either collapse to small size or expand forever to large size. Both
features are intriguing, and from a phenomenological perspective this can indeed form the
starting point for various cosmological scenarios such as [111–113].
To study some aspects of the resulting cosmology, we follow the general spirit of compact-
ification and dimensionally reduce our 4D gravitational system on the S3 to a 1D quantum
mechanics problem. This is also the philosophy of the Wheeler–DeWitt equation [188, 189]
and its truncation in the mini-superspace approximation [190]. We view the spatial com-
ponents of our 4D metric as dynamic quantum fields and use the foliation by time to write
down a corresponding quantum equation governing these spatial components. Our plan in
this section will be to track this behavior in the reduction to one dimension.
With this in mind, our starting point is the 4D action:
Sgrav, 4D =
1
16piGN
∫
d4x
√−g
[
R− 1
2
|H3|2 − 2Λ
]
. (7.1)
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Here we actually passed to Einstein frame as opposed to the discussion in section 3 and by
abuse of notation we will keep the same notation for the various fields as the one used in
string frame. The cosmological constant piece comes from the presence of a dilaton profile
in the internal dimension. We will reduce all terms separately. In all cases we will need the
form of the metric:
ds2 = −N (t)2 dt2 + a(t)2dΩ2(3) . (7.2)
For convenience of the reader we recall that in our conventions the metric of a unit radius
S3 is:
dΩ2(3) = dψ
2 + sin2 ψ dθ2 + sin2 ψ sin2 θ dφ2 . (7.3)
Let us now turn to the dimensional reduction of the 4D action to one dimension. To this
end, we first compute the Ricci scalar for this metric. The Einstein–Hilbert term is then:
√−gR = 3a sin θ sin
2 ψ
N 3
[
2N 4 − 2aa˙NN˙ + 2N 2 (a˙2 + aa¨)] . (7.4)
For simplicity we may integrate by parts so that we get rid of the a¨ term
a2a¨
N = −2
a˙2a
N +
N˙ a˙a2
N 2 + . . . , (7.5)
where the “· · · ” includes a total derivative. Therefore the Einstein–Hilbert term of the action
becomes
SEH =
1
16piGN
∫
d4x
√−g R = 3pi
4GN
∫
dt
[
aN −N−1aa˙2] (7.6)
We need to follow a similar procedure for dimensional reduction of the contributions from
the H-flux and the effective cosmological constant from the internal profile of the dilaton.
Doing so, we get: ∫
S3
H3 ∧ ?S3H3 = N N
2l4s
2pi2a3
, (7.7)
− 1
8piGN
∫ √−gΛ = − pi
4GN
∫
dt a3N Λ. (7.8)
Putting all of this together, we obtain the 1D action for the scale factor:
S1D[a] =
3pi
4GN
∫
dt
[
aN − N
a3
N2l4s
48pi4
−N−1aa˙2 − 1
3
N a3 Λ
]
. (7.9)
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7.1 Classical Equations of Motion
We can compute the equations of motion from this action. Varying with respect to N (t) we
obtain
a˙2 + 1
a2
=
N2l4s
48pi4a6
+
1
3
Λ . (7.10)
Varying with respect to a we find
a¨
a
+
1
2
(
a˙
a
)2
+
1
2a2
=
Λ
2
− N
2l4s
32pi4a6
. (7.11)
In both equations we eventually made the gauge choice N (t) = 1. These are the usual
Friedmann’s equations with some exotic matter.9 The matter we have has the following
energy density and pressure
ρ = p =
1
128pi5GN
N2l4s
a6
.
So this matter has w = 1 consistent with the scaling ρ ∼ a−6. This is sometimes referred to
as a stiff fluid.
One may look for static solutions where a˙ = 0. The solution is
Λ = 16piGNρ =
8pi2
l2sN
, (7.12)
a¯2 =
Nl2s
4pi2
. (7.13)
To check whether the solution is stable or not we can perturb it. We keep the cosmological
constant fixed to the value in (7.12). Then in the effective field theory we get a potential of
the form
V (a) = −a+ N
2l4s
48pi4a3
+
1
3
a3
8pi2
l2sN
. (7.14)
The value (7.13) is indeed an extremal point of the potential and at this point the vacuum
energy vanishes:
V (a¯) = 0, (7.15)
which is compatible with the fact that at the extremal point the solution is supersymmetric.
In addition to this we have that
V ′′(a)|a=a¯ = 16pi
lsN1/2
> 0 . (7.16)
One might be tempted to say that this system is stable around the vacuum, but this is not
the case. In fact the Lagrangian has the wrong sign in the kinetic terms, and therefore when
9To recover the usual presentation of Friedmann’s equation one should take 1/2 of the first and subtract
it from the second.
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Figure 5: Depiction of the instability of the effective Newtonian potential for the scale factor
a in our model. Much as in the case of the Einstein static Universe, this can lead to either
a collapsing or expanding Universe.
comparing with the kinetic energy it is better to say that the correct Newtonian potential
is minus the one appearing in (7.14). This leads to an unstable system which might either
collapse or expand (see figure 5). Indeed, the instability of the Einstein static Universe has
been appreciated for some time [191].
Based on our analysis of sections 5 and 6 we see no a priori obstruction to also including
matter and radiation in more realistic models. Though we leave a discussion of fully fledged
phenomenological scenarios for future work, we observe that in the expanding phase, we
automatically produce a model which will be dominated by dark energy. This suggests a
natural connection to some aspects of reference [36], though as far as we can tell, there is no
need for a quintessence field. Additionally, we see that if the system actually tips over into
a collapsing phase, the symmetry a → −a suggests the system will roll back out or tunnel
quantum mechanically to large scale factor again. So, another appealing feature of this sort
of cosmology is the relative insensitivity to initial conditions. As a final comment, we note
that even if the compactification moduli has other runaway directions, the volume of the S3
decompactifies faster, so some issues with moduli stabilization would also be alleviated.
7.2 Supersymmetry and Runaways
One might ask whether the appearance of this instability in our spacetime might be “cured”
by including supersymmetry. First of all, the sense in which we have supersymmetry at all
is extremely mild. Indeed, it only properly exists if we analytically continue to signature
(2, 2).
Even if the 1D quantum mechanics had an emergent N = 2 supersymmetry, we still
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do not expect it to lift such runaways. For example, in the related context of M-theory
compactified on Calabi–Yau fivefolds, the resulting moduli also exhibit runaway behavior
[186]. Indeed, a common issue in many moduli stabilization scenarios is the “unwelcome”
feature that typically, not all moduli can be stabilized and in fact runaway behavior leads
to a decompactification limit. From the considerations presented previously, we see that not
only is such runaway behavior to be expected, it is actually welcome!
With this in mind, let us briefly review the related case of decompactification instabili-
ties which already appears in the case of 1D supersymmetric quantum mechanics obtained
from M-theory on a Calabi-Yau fivefold. In this case, the volume moduli assemble into 2A
supermultiplets, and as such, are governed by a Ka¨hler potential and a superpotential. For a
brief review of 1D supersymmetric quantum mechanics, see Appendix C. The first question
we need to address is whether it is compatible with supersymmetry to have a “wrong sign
kinetic term” for the scale factor. The sigma model metric for the volume moduli is not
quite the moduli space metric on the fivefold, but is instead shifted by an outer product of
the moduli. Labelling these moduli as Vi, the sigma model Ka¨hler potential metric takes the
schematic form:
Gsigmaij = G
geometric
ij − cViVj, (7.17)
where c is an order one constant, and the resulting metric has precisely one negative eigen-
value. Explicit examples of runaway behavior, as generated by this sort of metric are pre-
sented in [186,192].
In the case of M-theory compactified on the warped product of S2×Y8, we again anticipate
the same indefinite signature form for the sigma model metric. The moduli involve the
volume of the S2, as well as various two-cycles in Y8. In the F-theory description, we instead
have the moduli Vol(S3) and Vol(B6), the base of the torus fibered Y8, the dilaton, as well
as many other moduli. Of course, to really extract the actual physical action one ought to
perform a systematic dimensional reduction of the model, perhaps using a suitably adapted
version of the analysis presented in reference [108].
7.3 Quantum Scale Factor
Let us now turn to the quantum mechanics associated with this scale factor. We recall that
the 1D action is:
S1D[a] =
3pi
4GN
∫
dt
[
aN − N
a3
N2l4s
48pi4
−N−1aa˙2 − 1
3
N a3 Λ
]
. (7.18)
In the full string compactification, we ought to view 1/GN as proportional to the volume
modulus of the internal directions. This contributes another dynamical mode but we shall
assume that the dynamics of this can be treated adiabatically.
The first perhaps surprising feature of this action is that the sign of the kinetic term for
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the scale factor appears to be associated with a ghostlike degree of freedom. This is a generic
feature of the Wheeler–DeWitt equation and occurs inevitably in trying to write a metric on
the moduli space of spatial metrics [188,189]. The same issue also appears in compactification
of M-theory on Calabi–Yau fivefolds [186]. This of course leads to significant complications
in the standard field theoretic interpretation of the wave function of the Universe which is an
ongoing matter of some contention. For some discussion of the different proposals taken for
how to deal with this issue see for example [193–195]. Perhaps the simplest answer is that
in the context of 4D gravity, we can simply discard this mode as non-dynamical quantum
operator, as in [194], namely it is an artifact of us dropping the other contributions to the
metric. In our case, this will not really work, because we always must pay attention to the
dilaton. More precisely, the relevant mode is, in the language of the WZW model, captured
by the zero mode on the S3 as in (3.14), the dilaton mode of the WZW model at zero
momentum: ∣∣a2〉 = 1
3
gbcS3J
−1
b J˜
−1
c |0, 0; 0, 0〉 , (7.19)
where gbcS3 is the metric of a unit 3-sphere. In particular, this means that the resulting
quantum theory will admit an excitation associated with this mode. In the Hilbert space of
the 2D worldsheet theory, this is a normalizable mode: There is no sense in which it appears
to be pathological at all.
What then, should we make of the apparently wrong sign kinetic term? In the effective
field theory approach, this suggests adopting a different quantization scheme for the scale
factor. This can be accomplished in the path integral by the choice of a different contour
of integration for this field a(t). Different choices lead to wildly different behaviors for the
wavefunction (see e.g. [196, 197]). We view the present discussion as a promising starting
point for addressing some of these issues.
8 Witten’s Dark Fantasy Revisited
As already mentioned in the Introduction, one of the motivations for developing the formal-
ism of F-theory on Spin(7) backgrounds is that it provides a potential way to simultaneously
resolve several 4D cosmological issues. In particular, it could help to explain how “N = 1/2
supersymmetry” might cancel off the zero point energy of a quantum field theory, whilst
still permitting a split mass spectrum between bosons and fermions. The main bottleneck in
implementing Witten’s proposal [102,103,198] and Vafa’s extension to F-theory [107] is that
it has been difficult to make sense of the 4D physics. Here we argue that the construction
of the previous sections provides a framework for implementing “Witten’s dark fantasy.”
The main idea we utilize is that the 4D F-theory vacuum on Rtime × S3 has a supersym-
metric ground state annihilated by two supercharges (in the analytic continuation to (2, 2)
signature), and similar statements hold for the 3D M-theory vacuum on Rtime × S2.
We expect that the mass of the superpartners will be controlled by some expression
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involving `4D the 4D Planck length and L the radius of the S
3. Out of these quantities, we
can also obtain an estimate for the vacuum energy density in terms of the radius of the S3
and the Planck length:
ρvac ∼
(
1
`4DL
)2
≡ 1
`4IR
, (8.1)
where we have introduce a derived IR mass scale as specified by ρvac. From the WZW model,
there is also a natural relation between L and `4D given by:
L2 ∼ N`24D, (8.2)
and the T-dual Hopf fiber in S3/ZN has average length L˜ = L/N , i.e.:
LL˜ ∼ `24D. (8.3)
In terms of this N scaling, we also have:
`2IR ∼
√
N`24D. (8.4)
Let us now turn to the expected mass splitting in three dimensions and its extrapolation
to four dimensions. Consider then, the 3D theory defined by M-theory on the warped product
Rtime×S2×Y8. Though there is no issue with retaining supersymmetry in each local frame,
it is broken by an “infrared effect.”We have already explained in section 7.1 that at the
critical point for the scale factor, the total energy is zero in the quantum mechanics system.
Additionally, since we still have a supersymmetric ground state, the zero point energies of
all quantum fields will exactly cancel. Even so, there is a quite mild mass splitting in the
bosonic and fermionic degrees of freedom induced by gravitational effects. As explained
in [102, 103], this is because any finite energy excitation generates a conical deficit angle,
obstructing the existence of a globally conserved supercharge. The mass splitting then takes
the form:
∆m3D ∼ κ
2
3D
L2
, (8.5)
with κ23D ∼ `3D the 3D Planck Length. Here, the 3D Einstein–Hilbert action takes the form:
SEH =
1
2κ23D
∫
d3x
√−g3DR3D. (8.6)
Provided perturbation theory in κ23D is valid, we see that there is a reliable approximation
with an extremely small mass splitting between bosonic and fermionic masses. Witten’s dark
fantasy is that there exists a 4D “strong coupling limit” in which we continue to use the
mass splitting formula of line (8.5), as it is protected by 3D supersymmetry.
In fact, this is exactly what we expect to happen based on the way we got our 4D
background in the first place! To see why, consider dimensionally reducing the 4D theory
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along the Hopf fiber. The proper way to carry this is out is to work in terms of the T-dual
description so that we reduce on a small circle of size L˜ = L/N . Additionally, we must allow
for some non-trivial N scaling because we must account for the presence of many twisted
sector states. So, on general grounds, we have a relation of the form:
1
`3D
∼ 1
Nχ
L˜
`24D
, (8.7)
with χ a parameter to be fixed by additional physical considerations.
Returning to equation (8.5), we obtain an estimate on the mass splitting:
∆m3D ∼ Nχ `
2
4D
L2
1
L˜
=
Nχ
N
1
L˜
, (8.8)
where in the last equality we used equation (8.2).
But this is not the end of the story, because we need to return to the 4D world. To get
there, we simply let N get even bigger. In this limit, the physics is better described in 4D
terms. To get there, we use the relation L˜ ∼ `4D/
√
N . So, we get a 4D mass splitting given
by:
∆m4D ∼ N
χ
√
N
1
`4D
. (8.9)
We can also relate this to an expression involving the IR length scale, via equation (8.4):
∆m4D ∼ N
χ
N1/4
1
`IR
. (8.10)
So far, we have not determined χ. We expect that ∆m4D is parametrically separated
from the IR and UV cutoffs in the large N limit. This is really just a consistency condition
that we can make sense of the 4D effective field theory at all:
MIR  ∆m4D MUV, (8.11)
where:
MIR =
1
`IR
and MUV =
1
`4D
. (8.12)
Said differently, if we hold fixed these cutoffs, we expect ∆m4D to remain fixed. This in turn
means we should set the parameter χ so that the mass splitting is the geometric mean:
∆m4D ∼
√
MIRMUV, (8.13)
which fixes the parameter χ = 3/8 so that:
∆m4D ∼ 1
N1/8
1
`4D
∼ N1/8 1
`IR
. (8.14)
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It would of course be desirable to perform a first principles calculation of this exponent.
Summarizing, 3D N = 1 supersymmetry ensures the zero point energies of the 4D system
cancel off, but the apparent superpartners of any QFT sector generated by a configuration
of intersecting 7-branes will have a split spectrum which is up by a factor of N1/8 relative to
the IR scale.
Note that in the F-theory models considered in previous sections, the appearance of gauge
groups and matter in complex representations means that the matter content generated by
the “Spin(7) Standard Model” will have all of the superpartners of the standard MSSM.
What is far less clear is the mass spectrum and interactions, which could in principle be
far more general than what is available in the MSSM with soft supersymmetry breaking
parameters. For example, the absence of holomorphy constraints / non-renormalization
theorems for the superpotential means that we must permit more gauge invariant interaction
terms.
What value of N matches observation? The analysis presented here has assumed we have
a static S3, not an expanding one. With this in mind, what we take for the IR cutoff is
somewhat subtle.
Even so, it seems reasonable to assume that the expansion is “slow enough” to use the
above formulae to extract a quantitative scale. This in some sense sets a lower bound for the
mass splitting. With these caveats in mind, we treat the present expansion of the Universe
as “static enough,” so we take MUV ∼ 1019 GeV and MIR ∼ 10−12 GeV (as set by the
observed dark energy density). The geometric mean then tells us the 4D mass splitting:10
∆m4D ∼ 103.5 GeV, (8.15)
which is of order the TeV scale! So at least in this class of models, there is a compelling reason
for the cosmological constant to be quite small, but to also have O(TeV) scale superpartners.
This is clearly a rough order of magnitude estimate,11 but it does provide an alternative
motivation rather than just naturalness considerations / stability of the electroweak scale.
On the other hand, the proper IR cutoff to take might be higher, as set by the initial
conditions necessary to generate the present day Universe. Then, the mass of the superpart-
ners would clearly be bigger, and may remain (at least for now) out of experimental reach.
Turning the discussion around, observing superpartners at a particular mass scale would
provide an additional input on the proper choice of the IR cutoff, and the parameter N .
We find this line of development promising.
10This numerology has been observed by many individuals, but usually as a way to motivate the size of
the cosmological constant, not so much as a way to motivate TeV scale supersymmetry.
11One could imagine a more precise estimate producing a larger number such as 50 TeV.
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9 Conclusions and Future Directions
In this paper we have laid the groundwork for the study of 4D cosmological scenarios which
arise from F-theory compactified on Spin(7) manifolds. We have also clarified a number of
aspects connected with the 3D physics associated with M-theory compactified on Spin(7)
manifolds. An important feature of our analysis is the compactification of F-theory on
spacetime with a WZW factor. This in particular makes it possible to see why there is no
Spin(7) compactification to flat space, but there is clearly a way to achieve this on curved
backgrounds. Another crucial element of this description is the interpretation of the 11D
supergravity limit as the untwisted sector of the T-dual orbifold CFT description of a WZW
model. This in particular shows how F-theory serves as a UV completion for the M-theory
construction. In the remainder of this section we discuss a number of directions which would
clearly be exciting to develop further.
At the level of formal developments, we have seen the appearance of a new sort of
spectral cover construction for the localized degrees of freedom associated with an F-theory
compactification. It would be very interesting to fully catalog the possible differences with
the spectral cover used in much of the earlier F-theory GUTs literature (see e.g. [139, 140,
199, 200]). In particular, the analysis of the present paper provides a helpful starting point
for analyzing the local geometry of Spin(7) manifolds with singular ADE fibrations.
As mentioned in the Introduction, one of the motivations for the present work was to
develop explicit string compactifications with a dark energy sector. Clearly, we have obtained
some toy models which accomplish this, and so it would be interesting to check whether these
models can serve as the starting point for more realistic cosmological scenarios. This can
likely be accommodated because localized QFT sectors on 7-branes and 3-branes contribute
additional matter and radiation sectors.
At a more formal level, it is tempting to view the dark energy dominated limit of our
model as a regulated version of de Sitter space. Since we also have a direct account of
microstates in the WZW model Hilbert space, this suggests a potential avenue of attack for
determining the microscopic origin of the Gibbons–Hawking de Sitter entropy.
The appearance of an instability in our model (much as in the Einstein static Universe)
also suggests a new way to construct inflationary models. Another interesting feature is
that we can clearly see the appearance of both “up-tunnelling” and “down-tunneling” to
different cosmologies by jumps in the total number of H-flux units threading the initial S3.
In stringy terms, this tunneling comes from Euclidean five-branes wrapped over the internal
six-manifold. For the purposes of inflationary cosmology, this again is suggestive, because
there is a natural way to end inflation: simply tunnel out to a different value of the H-flux.
This may also have observational consequences in gravitational wave experiments. It would
be interesting to pursue this further.
It is quite likely that this class of cosmological scenarios has distinctive phenomenological
signatures which could potentially be measured. For example, in the WZW model there is a
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cutoff on the angular momentum of objects which scales as N (see also [201]). This in turn
suggests a corresponding cutoff on the angular resolution of the observed Cosmic Microwave
Background. Here, we should note that although the present size of the Universe is clearly
much larger than the Planck length, what really enters in this angular momentum cutoff is
the value of the S3 prior to the onset of instabilities leading to rapid expansion in the scale
factor. A related point is that the presence of a three-form flux also suggests a covariant
non-commutative deformation of 4D physics (see e.g. [202] as well as [201]).
Finally, it is of course exciting to see the appearance of a 4D model with “N = 1/2
supersymmetry,” and a clear connection to a 3D N = 1 system. This appears to imply that
we have found a 4D system where the zero point energy of various quantum fields will indeed
drop out, even though N = 1 supersymmetry is absent. It would seem worthwhile to develop
the full formalism of an “N = 1/2 MSSM,” and its interplay with the presence of dark en-
ergy. This will also likely alleviate some cosmological issues connected with compactification
moduli. We leave a full analysis for future work.
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A Killing Spinor Equations for Type IIB Supergravity
The Killing spinor equations for Type IIB supergravity are [203,204]
δψM = DM− 1
96
(
ΓP1···P3M GP1···P3 − 9ΓP1P2GMP1P2
)
c +
i
192
ΓP1···P4FMP1···P4 = 0
δλ = iΓMPM
c +
i
24
ΓP1···P3GP1···P3 = 0 .
(A.1)
Here we have defined
G = ieφ/2 (τdB2 − dC2) , (A.2)
as the SL(2,Z) covariant three-form flux, and further
P =
i
2τ2
dτ . (A.3)
The covariant derivative is defined as
DM = ∇M − iqQM , (A.4)
where q is the charge of the acted on field under the U(1)D symmetry of Type IIB [205], and
Q is the connection for that abelian symmetry defined as the variation of the axio-dilaton
Q = − 1
2τ2
dτ1 . (A.5)
The spinor appearing in (A.1) is defined as
 = 1 + i2 , (A.6)
where i are the two Majorana–Weyl supersymmetries of the Type IIB supergravity, and
thus we also immediately see that
c = 1 − i2 . (A.7)
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We wish to consider Type IIB on a spacetime of the form
Rtime ×M3 ×B6 , (A.8)
where B6 is a six-manifold that forms the base of a torus fibered Spin(7) eight-manifold, and
generally we will have M3 = S
3. The metric on the 10D spacetime is the warped product
ds2 = e2C
(−dt2 + a(t)2dΩ2S3 + ds2B) , (A.9)
where C ∈ Ω0(B,R) is a warp factor. We pick the frame
e0t = e
C , e1ψ = e
Ca(t) , e2θ = e
Ca(t) sin(ψ) , e3φ = e
Ca(t) sin(ψ) sin(θ) , eim ,
(A.10)
where i, m are, respectively, the frame and curved indices on B, and all others vanishing.
The spin connection has non-zero mixed external-internal components, which are
ω aiµ = e
a
µe
im∂mC . (A.11)
where we write only the upper triangular entries, with the lower determined by anti-symmetry
of ω, and further we have ignored all terms proportional the derivative of a(t) as we do not
expect a supersymmetric solution away from a fixed value of a.
Let us first consider the the vanishing of the dilatino variation. We want the three-form
flux to be solely and isotropically supported on the S3 factor of the geometry, and thus it
must be proportional to the volume form
Gabc = Gabc , (A.12)
where lowercase early-alphabet latin indices are frame indices on the S3, and we take G to
be real. Furthermore, since the torus fibration is non-trivial only over the internal space, B,
and thus completing it to an auxiliary Spin(7) eight-manifold, we have that PM is supported
only over the B directions. We will also choose to consider only solutions without fiveform
flux, thus F = 0. The dilatino equation is that
ΓiPi
c +
1
4
GΓ123 = 0 , (A.13)
This relation breaks half of the supersymmetry. One solution is the near horizon geometry
of the NS5-brane [162], where P is turned on only in one of the internal directions, which
has the form B = R5×Rϕ. Next we can study the time-like variation of the gravitino, where
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the spinor is chosen not to vary, and one finds
1
4
ωABt ΓAB−
1
96
eCΓ bcd0 Gbcd
c = 0
=⇒ eim (∂mC) Γi− 1
4
GΓ123c = 0 .
(A.14)
Given an appropriate relation among G, , and the axio-dilaton profile P , one can show that
this is equivalent to the dilatino variation, and thus does not break any further supersym-
metry, as in the NS5 near horizon geometry solution.
We are specifically interested in the resulting 4D Killing spinor equations, on R × S3,
as the F-theory intuition will guarantee that exactly one component of the internal spinor
on B will be preserved, because of the Spin(7) holonomy of the auxiliary torus fibered
eight-manifold. The spinors decompose as
Spin(1, 9)→ Spin(1, 3)× Spin(6)→ Spin(3)× Spin(6)
16→ (2,1,4)⊕ (1,2,4)→ (2,4)⊕ (2,4) . (A.15)
The reality condition on the 16 becomes that condition that the (2,4) and the (2,4) are
conjugates. We can write
i = ηi + η
c
i , (A.16)
where ηi are in the (2,4). Let us now decompose these ηi into spinors on the S
3 and the
base B. We write
ηi = ρi ⊗ χi , ηci = ρi ⊗ χci . (A.17)
We also decompose the 10D Γ-matrices as
Γa = γa ⊗ 16 , Γi = γ4 ⊗ γ˜i , (A.18)
where γa are the 4D Γ-matrices (with γ4 the 4D chirality matrix) and γ˜i are the 6D Γ-
matrices.
Because the Spin(7) will only preserve one component of either χ1 or χ2 we can consider
ρ2 = 0 and ρ1 = ρ. The 4D Killing spinor equation in the time direction is then∑
i
e mi ∂mCρ−
1
8
Gγ123ρc = 0 . (A.19)
The solution to this equation uses the three-form flux to provide a reality condition that
relates ρ to its conjugate. In signature (3, 1) this forces the Killing spinor to vanish, but in
signature (2, 2) it permits a Majorana–Weyl spinor.
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B Global Constructions of Spin(7) Manifolds
In this Appendix, we collect some of aspects of constructing compact Spin(7) manifolds.
Although they have appeared already in Berger’s classification [206] of special holonomy
manifolds, the first local example with a Spin(7) metric appeared much later in [207]. While
more local examples with complete Spin(7) metrics have been produced since, the tools to
construct global, i.e., compact Spin(7) manifolds have been very limited. For a long time,
the only examples were based on work of Joyce [122, 152], which was generalized in [208].
So far, the only other type of known construction is motivated by the twisted connected
sum (TCS) construction of G2 manifolds [126, 154, 153, 209–215, 176] and has been dubbed
generalized connected sums (GCS) [127].
Joyce’s Quotient Construction
The simplest construction is an orbifold T 8/Γ [122], where Γ is discrete subgroup of the T 8
isometry. A very concrete model of these type has also been presented in [125]. In general,
the resulting quotient is singular, and Joyce classified those Γ which allow for a resolution of
T 8/Γ that is compatible with the Spin(7) structure. Since at generic points, the quotient will
still have the structure of products of torus, it is conveivable to have some torus fibration
structures within the quotient. However, it is also clear that, just starting with a direct
product of tori, the resulting fibration structures might be limited.
The key observation in [152] is that one can also obtain Spin(7) holonomy via anti-
holomorphic involutions σ of a Calabi–Yau fourfold Z with Ricci-flat metric gZ . To be more
precise, let us denote the holomorphic four-form and the Ka¨hler form on Z by Ω(4,0) and J ,
respectively. Then the four-form
Ω(4) := Re
(
eiθ Ω(4,0)
)
+
1
2
J ∧ J (B.1)
defines a Spin(7) structure on Z. Now suppose there is an anti-holomorphic involution
σ : Z → Z, i.e., σ satisfies
σ2 = idZ , σ
∗(gZ) = gZ , σ∗(I) = −I , (B.2)
where I is the complex structure of Z. These conditions imply that σ∗(J) = −J and
σ∗(Ω(4,0)) = e2iθ Ω(0,4) for some θ ∈ [0, 2pi), which can be easily verified to imply the σ-
invariance of Ω(4) as defined in (2.2). Therefore, the quotient Y8 = Z/σ inherits the Spin(7)
structure Ω(4), while the Calabi–Yau structure is lost due to the anti-holomorphic involution.
In principle, the anti-holomorphic quotient can also be applied to elliptically fibered
Calabi–Yau fourfolds pi : Z → B. In particular, if the involution σ respects the fibration
structure, i.e., there is an induced involution σB : B → B such that pi◦σ◦pi−1 = σB, then the
quotient Y8 = Z/σ has a fibration structure over B˜ = B/σB whose generic fiber is again a
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torus. However, because of the involution on both fiber and base, the resulting torus fibration
p˜i : Y8 → B˜ no longer has a globally holomorphically varying τ function [108, 109]. In fact,
this can be seen from the various singular fibers that can appear, e.g., a Klein-bottle. From
a Type IIB perspective, where τ is identified with the axio-dilaton, the non-holomorphic
variation can be interpreted as the backreacted background of including NS5-branes, which
in turn reduces the number of preserved supersymmetry generators.
For completeness, we note there are certain subtleties about the singularities one obtains
from an anti-holomorphic quotient. The original work of Joyce [152] considered only certain
involutions σ with isolated fixed points. In these cases, the quotients have a resolution com-
patible with the Spin(7) structure. For general involutions the quotient can also have higher
dimensional singularities. However it is currently unclear if, generically, these singularities
can also be resolved in an Spin(7) compatible way (see below for case where this is the
case). Nevertheless, as F- and M-theory can also be defined on Calabi–Yau spaces with ter-
minal, i.e., non-crepantly resolvable singularities [216,217], it should also be possible to give
a sensible physical interpretation of Spin(7) manifolds with higher dimensional singularities.
Indeed, this is what the local gauge theory of section 5 provides.
Generalized Connected Sums
A second type of global models has been recently presented within the context of the so-
called generalized connected sum (GCS) construction [127]. Following the same idea as in
the TCS constructions of G2 manifolds, one obtains the Spin(7) manifold by gluing together
various building blocks carrying some form of holomorphic / Calabi–Yau structure. To
be more precise, the GCS construction has two building blocks. One is an open Calabi–
Yau fourfold Z+ ∼= CY4 with an asymptotic cylindrical region where the geometry looks
like a Calabi–Yau threefold CY3 times a cylinder. The other building block is an open
G2 manifold N7 times a circle, Z− ∼= N7 × S1, where the G2 manifold has an asymptotic
geometry CY3 × interval. The two blocks are then glued along the cylinder ∼= S1 × interval.
Note that one can imagine decomposing the G2 manifold inside Z− further into the building
blocks of an TCS construction, which contain K3-fibrations, thus making the previously
mentioned holomorphic / CY structure apparent in both parts of the GCS Spin(7) manifold.
In this construction, the Cayley-form can be identified on each of the two building blocks
as follows: On Z+ ∼= CY4 with holomorphic four-form Ω(4,0) and Ka¨hler form J , we simply
have Ω+(4) = Re Ω(4,0) +
1
2
J ∧ J , which we already know from Joyce’s work to be Spin(7)
compatible. On Z− ∼= N7 × S1, we can construct the four-form Ω−(4) = dθ ∧ ϕ + ?ϕ, where
θ is the coordinate on S1 and ϕ the three-form specifying the G2 structure on N7. We refer
to [127] for details of the gluing procedure which identifies Ω+(4) with Ω
−
(4) in the asymptotic
region.
In [127], the authors also presented how the GCS construction relates to anti-holomorphic
quotients. Loosely speaking, a suitable quotient of a CY-fourfold results in a Spin(7) mani-
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fold, which locally is a CY3 fibration over a disc. This part constitutes the Z+ building block
of the GCS. Near the boundary circle, where the local geometry is CY3 × interval× S1, the
involution acts non-trivially on CY3× interval, producing a local G2×S1 geometry [218], i.e.,
the Z− part of the GCS. This is also an example where the higher dimensional singularities
of the anti-holomorphic involution have a Spin(7) resolution: Because the involution acts
on the CY3× interval part, any resulting fixed loci will be accompanied by the S1, i.e., have
real dimension at least 1. As explained in [127], the resolution of this type of singularities
could be related to the appearance of the local G2 geometry, and not an asymptotically
locally Euclidean (ALE) space, as it was the case for the resolution of point-like singularities
in [152].
Again, in this type of constructions, it is straightforward to have an overall torus fibration
structure in the GCS manifold Y8. In particular, given that the TCS construction of G2
manifolds have inherent K3-building blocks, it is plausible that, with the suitable choice of
Z+ ∼= CY4, the resulting Spin(7) space Y8 can be at least locally be viewed as a K3-fibration
over a four-manifold. An easy example of this sort is again the Joyce orbifold [127].
C N = 2 Super Quantum Mechanics
In this Appendix we review some facts about N = 2 super quantum mechanics. The central
interest for us will be the different supermultiplets that can be used to build an effective
theory. For theories with N = 2 supersymmetry in 1D there are two supermultiplets of
interest conventionally called 2A and 2B multiplets. The 2A multiplet descends from (1,1)
supersymmetry in 2D and its off-shell degrees of freedom are a real scalar, a complex fermion
and a real auxiliary field. The 2B multiplet comes from (0,2) supersymmetry in 2D and
its off-shell degrees of freedom are a complex scalar and a complex fermion. While other
multiplets are possible they do not come from standard toroidal compactifications and we
will not need them in the following. For a more detailed discussion of N = 2 superspace we
refer to [186] and references therein.
In the following we will discuss the effective field theory which can be built using 2A
multiplets as these will be the ones of interest in section 7. It is possible to package all
the components of the 2A multiplets in superfields whose expansion in terms of superspace
coordinates is
Φ = φ+ iθψ + iθ¯ψ¯ +
1
2
θθ¯F . (C.1)
The effective action can be written as the integral over superspace in terms of a moduli space
metric Gij and a superpotential W . Note that since 2A multiplets are real multiplets both
the metric and the superpotential are real functions as opposed to the usual 4D case where
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the latter is a holomorphic function. The superspace action is
S2A =
1
4
∫
dt d2θ
[
Gij(Φ)DΦ
iD¯Φj +W(Φ)] . (C.2)
Here D = ∂θ +
i
2
θ¯∂t and D¯ = −∂θ¯ − i2θ∂t are superspace covariant derivative. Other terms
can be added in the action with different contractions of the superspace covariant derivatives
but they will not be of interest for us. After integrating over superspace and eliminating the
auxiliary fields via their equations of motion the bosonic components of the action are
S2A =
1
16
∫
dt
[
Gij(φ)φ˙
iφ˙j −Gij(φ)Wi(φ)Wj(φ)
]
. (C.3)
The discussion thus far has employed rigid N = 2 superspace in 1D, however introducing
1D gravity has only a very mild effect. Using the lapse function N (t) whose square is the
component of the 1D metric tensor it is possible to write the action as
Sbosonic2A =
1
16
∫
dt
[
1
N Gij(φ)φ˙
iφ˙j −NGij(φ)Wi(φ)Wj(φ)
]
. (C.4)
While in general there are no constraints on the form of the metric Gij(φ) we will borrow
some conclusions drawn from the case of 11D supergravity on Calabi–Yau fivefolds [186]. Of
particular interest for us are moduli coming from the Ka¨hler form of the internal space for
they correspond to 2A multiplets in the 1D action. The metric on the Ka¨hler moduli space
can be written in terms of a function K which can be identified with a Ka¨hler potential.12
Defining κ = 5!Vol where Vol is the volume of the compactification space one gets that the
metric is
Gij =
8
5!
κ
[
∂i∂jK − 25κiκj
κ2
]
, (C.5)
K = −1
2
log κ . (C.6)
Here we take 5κi = ∂iκ. The most relevant feature of this metric is that one of its eigenvalues
is negative, a point which figures prominently in the analysis of section 7.
12Note however that the Ka¨hler moduli space is not a Ka¨hler manifold.
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